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Abstract
We discuss a field-theoretical approach based on general-relativistic variational principle to derive the covariant field equations and
hydrodynamic equations of motion of baryonic matter governed by cosmological perturbations of dark matter and dark energy. The
action depends on the gravitational and matter Lagrangian. The gravitational Lagrangian depends on the metric tensor and its first
and second derivatives. The matter Lagrangian includes dark matter, dark energy and the ordinary baryonic matter which plays a
role of a bare perturbation. The total Lagrangian is expanded in an asymptotic Taylor series around the background cosmological
manifold defined as a solution of Einstein’s equations in the form of the Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) metric
tensor. The small parameter of the decomposition is the magnitude of the metric tensor perturbation. Each term of the series
expansion is gauge-invariant and all of them together form a basis for the successive post-Friedmannian approximations around the
background metric. The approximation scheme is covariant and the asymptotic nature of the Lagrangian decomposition does not
require the post-Friedmannian perturbations to be small though computationally it works the most effectively when the perturbed
metric is close enough to the background FLRW metric. The temporal evolution of the background metric is governed by dark
matter and dark energy and we associate the large scale inhomogeneities in these two components as those generated by the
primordial cosmological perturbations with an effective matter density contrast δρ/ρ ≤ 1. The small scale inhomogeneities are
generated by the condensations of baryonic matter considered as the bare perturbations of the background manifold that admits
δρ/ρ ≫ 1. Mathematically, the large scale perturbations are given by the homogeneous solution of the linearized field equations
while the small scale perturbations are described by a particular solution of these equations with the bare stress-energy tensor of
the baryonic matter. We explicitly work out the covariant field equations of the successive post-Friedmannian approximations of
Einstein’s equations in cosmology and derive equations of motion of large and small scale inhomogeneities of dark matter and
dark energy. We apply these equations to derive the post-Friedmannian equations of motion of baryonic matter comprising stars,
galaxies and their clusters.
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1. Introduction
1.1. Perturbation techniques in cosmology
The multiwavelength satellite observations of cosmic microwave background (CMB) radiation have opened a new
chapter in cosmology [1]. The standard cosmological model [2–5] has been worked out to fit the model parameters
to the CMB map and with the decisive confidence level of 95% [6]. The Planck satellite observations provide further
evidences in robustness of the standard model [7, 8] (see http://www.sciops.esa.int/index.php?project=
PLANCK for a comprehensive list of Planck collaboration papers) though it might be still difficult to discern between
various scenarios of the early universe [9].
Study of the formation and evolution of the large scale structure in the universe is a key for understanding the
present state of the universe and for predicting its uttermost fate [10]. It is extensively researched but, as of today,
remains yet unsolved problem in physical cosmology. It is dark matter which plays a key role in the large scale
structure formation. The dark matter consists of weakly interacting massive particles whose true nature is not known
so far except that they interact with baryons mainly by the force of gravity. The baryonic matter forms galaxies
which, at early stage of structure formation, simply follow the evolution of dark matter condensations. Therefore, it
is supposed that the observed large scale distribution of galaxies trace the distribution of dark matter.
At the linear stage the effective matter density contrast, δρ = ρ − ρ¯, is much smaller than the background (mean)
density ρ¯ of the universe: δρ/ρ¯ ≪ 1. At later stages of cosmological evolution the structure formation enters a non-
linear regime where δρ/ρ¯ ≃ 1, and caustics are formed. Further growth of the perturbations leads to the development
of small scale structures like nuclei of galaxies, dwarf galaxies, globular clusters, stars and more compact relativis-
tic objects which have δρ/ρ¯ ≫ 1. Gravitational field and matter of these super-dense baryonic objects counteract
with the gravitational potential of dark matter and dark energy but details of this process are still unclear because
it involves rather complicated physics of fluid’s magnetohydrodynamics, turbulence and the strong gravity field that
implies a general-relativistic approach taking into account the non-linear interaction of gravitational field with itself
and the surrounding matter. Presumably, some insight to the solution of this problem can be gained by exploring
exact Lemaıˆtre-Tolman cosmological solution of Einstein’s equations admitting spatially inhomogeneity along radial
coordinate [11–13]. This purely geometric approach is mathematically sound but not very realistic as it describes a
pressureless, spherically-symmetric accretion of dust to a single point of a cosmological manifold while the real early
universe has a continuous set of the accretion points (seeds of future galaxies) determined by the initial spectrum of
the primordial density fluctuations [3–5]. In addition, the baryonic fluid pressure cannot be ignored at the non-linear
regime.
Exact solution of Einstein’s equations is unavailable for the general case of perturbed universe. Therefore, we
have to resort to approximations in order to treat non-linear gravitational effects in the structure formation. Two ap-
proximation schemes of solving Einstein’s equations are known in asymptotically-flat spacetime - post-Newtonian
and post-Minkowskian approximations [14, pp. 340-344]. Post-Minkowskian approximations (PMA) rely on the as-
sumptions that gravitational field is weak everywhere without any limitation on velocity of matter besides that it must
be smaller than the fundamental speed, c. Post-Newtonian approximations (PNA) are made under assumption that the
field is weak and velocity of matter is much smaller than the speed of light. The PMA formalism has been basically
developed in a series of papers by Damour and Blanchet for studying the mechanism of emission and propagation of
gravitational waves emitted by isolated astronomical systems [15–18]. The PNA formalism has been developed by a
number of independent researchers [19–23] for describing non-linear gravitational effects in fluids, for deriving equa-
tions of motion of binary stars [24–27], for calculating equilibrium models of rapidly rotating neutron stars [28–30],
etc. Both PMA and PNA expand explicitly only the metric tensor of the manifold by making use either Landau-
Lifshitz pseudotensor or 3+1 ADM decomposition. However, the metric tensor PMA/PNA expansion is not sufficient
in cosmology because the background spacetime is not asymptotically flat and we have to take into account not only
the perturbations of the metric tensor but also those of the background stress-energy tensor of the cosmological matter
that governs evolution of the cosmological spacetime. Additional non-trivial problem of the perturbation technique in
cosmology is to separate the contribution of bare perturbations of the baryonic matter of small-scale inhomogeneities
from the large-scale perturbations of the background matter and the metric tensor of spacetime manifold. Thus, we
have to generalize PMA/PNA schemes of finding solutions of Einstein’s equations to include the case of more general
background manifold. We follow Tegmark [31] and use the name of post-Friedmannian approximations for such a
more general, iterative procedure.
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A number of theoretical attempts was undertaken to work out the first post-Friedmannian approximation and
equations of motion of perfect fluid on cosmological manifold [32–35]. These works provide a good insight to the
possible solution of the problem but are insufficiently consistent in separation of perturbations from their background
values. They do not suggest a systematic approach for extending the calculations of the linear perturbation theory
to the second, and higher, post-Friedmannian approximations either. We also point out a result by Oliynyk [36, 37]
who analyzed the general structure of the post-Friedmannian expansions on cosmological manifold and arrived to the
conclusion that the post-Friedmannian series are differentiable, but not analytic, with respect to the small parameter
ε = v/c, where v is a peculiar velocity of fluid with respect to the Hubble flow and c is the constant fundamental speed
[38]. The Oliynyks conclusion differs with the results obtained by making use of the post-Newtonian expansions in
asymptotically-at spacetime [39–41] due to the compactness of the spatial slices in the cosmological manifold.
Recently, a new interest for developing a self-consistent theory of post-Friedmannian approximations in precision
cosmology was triggered by a lively discussion [42–46] on whether the small-scale structure of the universe affects its
Hubble expansion rate and, thus, can explain the cosmic acceleration of the universe discovered in 1998-99 [47, 48]
without invoking a dark energy. This is a, so-called, backreaction problem which intimately relates to the procedure
of averaging the small-scale matter perturbations on a curved cosmological manifold [49, 50]. A certain progress in
this direction was achieved but many mathematical aspects of the backreaction problem are still poorly understood
[51]. The task is to build a rigorous mathematical formalism being able to describe on equal footing both the large-
scale perturbations of the background matter of cosmological manifold with the density contrast δρ/ρ¯ ≪ 1 and the
small-scale perturbations at present epoch caused by small-scale structures (galaxy, globular cluster, star) having the
density contrast δρ/ρ¯ ≫ 1. Einstein’s equations tell us that the density perturbation, δρ/ρ¯, is proportional to the
second derivatives of the metric tensor perturbation which can be very large if δρ/ρ¯ ≫ 1. At the same time, the
metric tensor perturbation, καβ = gαβ − g¯αβ, and its first derivatives, καβ,γ, can still remain small enough in order to
apply a perturbation technique for solving the Einstein equations. This is similar to the situation in the solar system
where the matter density contrast is huge but, nonetheless, the gravitational weak-field approximation for solving
Einstein’s equations is fully applicable [14]. It supports the idea that the perturbation technique in cosmology (under
above assumptions) is valid for calculating physical effects of inhomogeneities on both the large and small scales
[45, 52, 53]. The question is what mathematical technique is the most adequate to deal with physical applications.
Historically, the very first perturbation scheme in cosmology was worked out by Lifshitz [54, 55]. It is techni-
cally convenient for calculating time evolution of matter’s large scale structure inhomogeneities and gravitational field
perturbations [4, 56] but is unsuitable for discussing the process of formation and time evolution of the small scale
structures in universe. This is because the Lifshitz approach uses the synchronous gauge where the time-time compo-
nent of the metric tensor is fixed, g00 = −1, at any order of approximation. The small scale structure in cosmology
corresponds to a localized astronomical system having a large density contrast, δρ/ρ¯, and governed by the Newtonian
law of gravity which demands the presence of the Newtonian potential, U, making g00 = −1 + 2U/c2. It breaks down
the synchronous gauge condition at the regime of δρ/ρ¯≫ 1.
Bardeen’s perturbation approach [57] (see also [58]) is more flexible as it admits a rather large freedom in choosing
a particular gauge condition for solving cosmological problems [3, 5]. In the framework of this approach, the longitu-
dinal (conformal-Newtonian) gauge is the most appropriate for discussing the small scale structure formation and its
physical effects [59]. Some mathematical disadvantage of Bardeen’s approach is in imposing a scalar-vector-tensor
decomposition on the metric tensor. It requires application of the Helmholtz theorem [60] that demands to foliate
spacetime by a family of spacelike hypersurfaces and to integrate the metric tensor over these hypersurfaces. It makes
Bardeen’s approach non-local as contrasted to Lifshitz’s perturbation scheme. Moreover, in order to preserve the
gauge-invariance of the Bardeen perturbation scheme one has to decompose the gauge functions in the same fashion
as the metric tensor. As the universe evolves the gauge-invariance of the overall Bardeen’s scheme can be preserved,
if and only if, one maintains the mapping of spatial points on the foliations along the vector field of time coordinate
world lines. Evidently, this approximation scheme differs significantly from the post-Newtonian approximations in
asymptotically flat spacetime [14, 19, 61] which are more similar to Lifshitz’s approach but use a different gauge
condition (harmonic gauge).
A gauge-invariant alternative to Bardeen’s approach was suggested by Ellis and Bruni [62] (see also [63, 64]), who
developed a perturbation scheme based on a reduction of full Einstein’s equations down to a system of field equations
that are linear around a particular background. The Ellis-Bruni approach uses gauge-invariant variables which are
spatial projections on the local comoving-observer frame threading the entire space-time of a real universe. Thus, the
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Bardeen’s foliation has been replaced in Ellis-Bruni approach with the frame threading and, thus, observer dependent.
This is not convenient, and is not used, for developing the post-Newtonian approximations in asymptotically-flat
spacetime.
At the epoch of precise cosmology we need more transparent theoretical scheme of the post-Friedmannian ap-
proximations for handling the iterative calculation of cosmological perturbations and derivation of their equations of
motion. This iterative scheme must satisfy a number of well-established criteria like to be covariant, gauge-invariant,
operate with locally defined quantities, be systematic and self-consistent in improving the order of approximations,
clearly separate the large-scale from small-scale matter perturbations, be independent of the mathematical ambiguities
introduced by the averaging procedures, etc. Some steps in developing such a scheme were done by Green and Wald
[45, 46]. However, their work was focused mainly on the discussion of the averaging procedure in cosmology, on
the proof that the small-scale inhomogeneities do not produce a noticeable backreaction and on finding mathematical
evidences that the Newtonian approximation is sufficient in numerical N-body simulations of large scale structure
formation [65].
No doubt, theoretical questions about how to perform the averaging in cosmology and whether it produces any
backreaction at all, are important for understanding the mathematics of averaging of differential operators in non-linear
equations and for clarification of the true nature of dark matter and dark energy. However, the post-Friedmannian ap-
proximation scheme in cosmology has broader implications that are going beyond the discussion of averaging and
backreaction problems and relates to the problem of interpretation of precise measurement of cosmological parame-
ters by the advanced gravitational wave detector’s technique [66, 67] and formation of small-scale structures in the
universe at the non-linear regime. The formalism of the post-Friedmannian approximations can be also helpful in
better understanding of the influence of cosmological expansion on celestial mechanics of isolated astronomical sys-
tems like binary pulsars which are currently the best laboratories for testing non-linear regime of general relativity
[68, 69]. These tests will be made significantly more precise with advent of gravitational-wave astronomy and Square
Kilometer Array (SKA) radio telescope [70].
Recently, we have started a systematic investigation of the dynamics of small-scale inhomogeneities moving on
the FLRW background manifold. We have set up a Lagrangian formalism to derive the post-Friedmannian field
equations for linearised cosmological perturbations [53] and analysed the Newtonian limit of these equations [71].
The present paper goes beyond the linear regime and explores some non-linear effects. In particular, we derive the
post-Friedmannian hydrodynamic equations of motion of the background matter (dark matter and dark energy) along
with the equations of motion of the baryonic matter forming a small-scale structure with high-density contrast like a
star, or galaxy or a cluster of galaxies.
We explain the idea of manifold and underlying geometric objects in 2. The concept of the covariant and Lie
derivatives on manifold are explained in section 3. This section also defines the variational derivatives on manifold
in the context of the dynamic field theory. Geometric theory of Euler-type perturbations of arbitrary background
manifold is set up in section 4. This theory is applied to the FLRW universe, governed by dark matter and dark
energy, in section 5. Section 6 derives the stress-energy tensors for perturbations of the gravitational field, dark
matter and dark energy. Finally, we derive equations of motion of the small-scale (bare) perturbations in section 7
and compare our framework against other theoretical approaches in section 8. Appendix outlines some particular
mathematical aspects of our derivation.
Before going into details of our presentation we explain the notations adopted in the present paper.
1.2. Notations
We use G to denote the universal gravitational constant and c for the ultimate speed in Minkowski spacetime.
Every time, when there is no confusion about the system of units, we use a geometrized system of units where
G = c = 1. We put a bar over any function that belongs to the background manifold of the FLRW cosmological
model. Any function without such a bar belongs to the perturbed manifold. The other notations used in the present
paper are as follows:
• T and Xi = {X, Y, Z} are the coordinate time and isotropic spatial coordinates on the background manifold;
• Xα = {X0, Xi} = {cη, Xi} are the conformal coordinates with η being a conformal time;
• xα = {x0, xi} = {ct, xi} is an arbitrary coordinate chart on the background manifold;
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• Greek indices α, β, γ, . . . run through values 0, 1, 2, 3, and label spacetime coordinates;
• Roman indices i, j, k, . . . take values 1, 2, 3, and label spatial coordinates;
• Einstein summation rule is applied for repeated (dummy) indices, for example, PαQα ≡ P0Q0 +P1Q1 +P2Q2 +
P3Q3, and PiQi ≡ P1Q1 + P2Q2 + P3Q3;
• gαβ is a full metric on the cosmological spacetime manifold;
• g¯αβ is the FLRW metric on the background spacetime manifold;
• gµν = √−ggµν – the metric tensor density of weight +1 where we accept the standard definition of tensor density
explained, for example, in [72, page 501]. The reader should be warned that the definition of tensor density
chosen in the book by S. Weinberg [56, Chapter 4, §4] differs by sign from the standard definition, and is not
commonly accepted;
• g¯µν = √−g¯g¯µν – the background metric tensor density of weight +1;
• fαβ is the metric on the conformal spacetime manifold;
• ηαβ = diag{−1,+1,+1,+1} is the Minkowski metric;
• the scale factor of the FLRW metric is denoted as R = R(T ), or as a = a(η) = R[T (η)];
• the Hubble parameter, H = R−1dR/dT ;
• the conformal Hubble parameter,H = a−1da/dη;
• F denotes a geometric object on the manifold. It can be either a scalar, or a vector, or a tensor field, or a
corresponding tensor density;
• a bar, ¯F above a geometric object F , denotes the unperturbed value of F on the background manifold;
• the tensor indices of geometric objects on the background manifold are raised and lowered with the background
metric g¯αβ, for example Fαβ = g¯αµg¯βνF µν;
• the tensor indices of geometric objects on the conformal spacetime are raised and lowered with the conformal
metric fαβ;
• symmetry of a geometric object with respect to two indices is denoted with round parenthesis,F(αβ) ≡ (1/2)
(
Fαβ + Fβα
)
;
• antisymmetry of a geometric object with respect to two indices is denoted with square parenthesis, F[αβ] ≡
(1/2)
(
Fαβ − Fβα
)
;
• a prime F ′ = dF /dη denotes a total derivative with respect to the conformal time η;
• a dot ˙F = dF /dT denotes a total derivative with respect to the coordinate time T ;
• ∂α = ∂/∂xα is a partial derivative with respect to the coordinate xα;
• a comma with a following index F,α ≡ ∂αF is an other designation of a partial derivative with respect to a
coordinate xα which is more convenient in some cases. In some cases which may not cause confusion, the
comma as a symbol of the partial derivative is omitted. For example, we denote the partial derivatives of the
perturbations of matter variables as φα ≡ φ,α, ψα ≡ ψ,α, etc.;
• a vertical bar, F|α denotes a covariant derivative of a geometric object F with respect to the background metric
g¯αβ. Covariant derivatives of scalar fields coincide with their partial derivatives;
• a semicolon, F;α denotes a covariant derivative of a geometric object F with respect to the conformal metric
fαβ;
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• ΦA – a multiplet of A = {1, 2, . . . , a} matter fields, ΦA = {Φ1,Φ2, . . . ,Φa}. These fields generate the full metric
gµν of FLRW universe via the Einstein equations;
• an operator ∇α denotes the covariant derivative with respect to the full metric gαβ;
• ¯ΦA – the background value of the fields ΦA. These fields generate the background metric g¯µν of FLRW universe
via the Einstein equations;
• ΘB – a multiplet of B = {1, 2, . . . , b} matter fields, ΘB = {Θ1,Θ2, . . . ,Θb}. They generate the stress energy
tensor of the bare perturbation of the metric tensor gµν and that of the fields ΦA;
• ¯ΘB – the background value of the fields ΘB.
• φA ≡ ΦA − ¯ΦA – the perturbation of the field ΦA. Fields ΦA and ¯ΦA refer to the same point on the manifold;
• τB ≡ ΘB − ¯ΘB – the perturbation of the field ΘB caused by the counteraction of the metric tensor perturbations
lµν and those of the dynamic fields φA on the stress-energy tensor of the bare perturbations;
• κµν ≡ gµν − g¯µν – the metric tensor perturbation. Fields gµν and g¯µν refer to the same point on the manifold;
• hµν ≡ gµν − g¯µν – the perturbation of the metric density caused by ΘB;
• lµν ≡ hµν/√−g¯. In a linear approximation, lµν = −κµν + 12 g¯µνκαα, where καα = g¯αβκαβ;
• the Christoffel symbols, Γαβγ = 12g
αν
(
gνβ,γ + gνγ,β − gβγ,ν
)
;
• the Riemann tensor, Rαβµν = Γαβν,µ − Γαβµ,ν + ΓαµγΓγβν − ΓανγΓγβµ ;
• the Ricci tensor, Rαβ = Rµαµβ ;
• the Ricci scalar, R = gαβRαβ .
We shall often employ the term on-shell. By on-shell we mean satisfying the equations of motion. For instance,
Noether’s theorem links conserved quantities to symmetries of the system on-shell. It is invalid off-shell. We shall
introduce and explain other notations as they appear in the main text of the paper.
2. Geometric manifold
ManifoldM is a geometric arena for gravitational physics. Topologically manifold is a set of points endowed with
some particular differential structure giving the manifold certain rigidity and physical properties. The basic element
of this structure is the metric tensor gαβ that allows to measure the distance between infinitesimally close points on
the manifold and the angles between two vectors attached to the same point on the manifold. In general relativity, the
metric tensor represents gravitational field which is a tensor field of rank two. Alternative theories of gravity either
introduce other fields (scalar, vector, etc.) which yield additional contribution to the overall gravitational field besides
the metric tensor or operate with the Lagrangian which is more complicated than the Hilbert Lagrangian of general
theory of relativity like F(R) theories of gravity [73, 74]. The present paper deals exclusively with general theory of
relativity and does not discuss the alternative theories in order to treat either gravitational field or dark matter and dark
energy.
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2.1. Affine connection
The first level of differential structure of manifold is associated with the affine connection allowing us to differen-
tiate geometric objects and to transport them from one point of manifold to another. The affine connection consists of
three algebraically-irreducible components which are the Christoffel symbols, torsion and non-metricity [14]. Torsion
and non-metricity do not appear in general relativity and we do not mention them from now on.
We define the Christoffel symbols of the second kind as usual [14]
Γαβγ ≡ 12g
αδ
(
gδβ,γ + gδγ,β − gβγ,δ
)
. (1)
The Christoffel symbols of the first kind
Γαβγ = gασΓσβγ =
1
2
(
gαβ,γ + gαγ,β − gβγ,α
)
, (2)
We notice the symmetry with respect to the last two indices Γαβγ = Γα(βγ). There is no any symmetry with respect to
the first two indices. In general,
Γαβγ = Γ(αβ)γ + Γ[αβ]γ , (3)
where
Γ(αβ)γ =
1
2
gαβ,γ , Γ[αβ]γ =
1
2
(
gγα,β − gγβ,α
)
, (4)
There are two, particularly useful symbols that are obtained by contracting indices of the Christoffel symbols of the
first kind. They are denoted as
Yα ≡ Γβαβ , Yα = gαβYβ , (5)
and
Γα ≡ gβγΓαβγ , Γα = gαβΓβ , (6)
Direct inspection shows that
Yα = = 12g
βγgβγ,α =
(
ln
√−g
)
,α
. (7)
The two symbols are interrelated
Γα = −Ya + gβγgαβ,γ , (8)
Γα = −Ya − gαβ,β , (9)
2.2. Curvature
The second level of differential structure of manifold is its curvature defined in terms of the Riemann tensor. We
define the Riemann tensor as follows [14]
Rαµβν = Γαµν,β − Γαµβ,ν + ΓαβγΓγµν − ΓανγΓγµβ . (10)
Riemann tensor can be also expressed in terms of the second partial derivatives of the metric tensor and the Christoffel
symbols
Rαµβν =
1
2
(
gµβ,αν + gνα,βµ − gαβ,µν − gµν,αβ
)
+ ΓρµβΓ
ρ
αν − ΓρµνΓραβ . (11)
Contraction of two indices in the Riemann tensor yields the Ricci tensor
Rµν = Γαµν,α − Yµ,ν +YγΓγµν − ΓανγΓγµα , (12)
or, in terms of the second derivatives from the metric tensor and the Christoffel symbols,
Rµν =
1
2
gκǫ
(
gµκ,ǫν + gνκ,ǫµ − gκǫ,µν − gµν,κǫ
)
+ gκǫΓρµǫΓρκν − ΓρµνΓρ . (13)
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One more contraction of indices in the Ricci tensor brings about the Ricci scalar which we shall write down in the
form suggested by Fock [19, Appendix B]
R = L +YαΓα − YαYα + Γα,α − Yα,α , (14)
where
L = gµν
(
ΓανγΓ
γ
µα − YαΓαµν
)
, (15)
is (up to a constant factor) the gravitational Lagrangian introduced by Einstein [75] as an alternative to the gravitational
Lagrangian, R, of Hilbert. The Hilbert Lagrangian is the Ricci scalar which depends on the second derivatives of the
metric tensor while the Einstein Lagrangian does not.
The two Lagrangians are interrelated
R = L + (−g)−1/2Aα,α , (16)
where
Aα = √−g (Γα − Yα) , (17)
is a vector density of weight +1. After performing differentiation in (16), and accounting for (5) we can easily prove
that (16) reproduces (14).
One more form of relation between R and L will be useful for calculating the variational derivative in Appendix
A.1. To this end we introduce a new notation
Γ ≡ Γα,α +YαΓα , (18)
and notice that
gαβYα,β = Yα,α +YαΓα +YαYα , (19)
Equations (18), (19) allows us to cast (14) to the following form
R = L + Γ +YαΓα − gαβYα,β , (20)
that was found by Fock [19, appendix B].
3. Derivatives on manifold
3.1. Covariant derivative
Covariant derivative on manifold is a rule of transportation of geometric objects from one point of the manifold to
another. If the geometric object is a tensor density F = F µ1...µpν1...νq of type (p, q) and weight m, the covariant derivative is
defined by the following rule
F µ1...µpν1...νq;α = F
µ1...µp
ν1...νq,α + Γ
µ1
αβF β...µpν1...νq + . . . + ΓµpαβF µ1...βν1...νq − Γβαν1F
µ1...µp
β...νq
− . . . − ΓβανqF µ1...µpν1...β − mYαF
µ1...µp
ν1...νq . (21)
Second covariant derivatives of tensors do not commute due to the curvature of spacetime. For example, for a
covector field Fα and a covariant tensor field of second rank, F αβ the following commutation relations are hold
Fα;βγ = Fα;γβ + RµαβγFµ , (22)
F αβ;γδ = F αβ;δγ − RαµγδF µβ + RµβγδF αµ . (23)
It is straightforward to extend these commutation relations to tensors and tensor densities of higher rank.
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3.2. Variational derivative
Theory of perturbations of physical fields on manifolds rely upon the principle of the least action of a functional
S called action. Variational derivative arises in the problem of finding solutions of the gravitational field equation that
extremize the action
S =
∫
F d4x , (24)
where F ≡ √−g f = √−g f
(
Q, Qα, Qαβ
)
, is a scalar density of weight +1. Let F = F
(
Q, Qα, Qαβ
)
depend on the
field variable Q, its first - Qα ≡ Q,α and second - Qαβ ≡ Q,αβ partial derivatives that play here a similar role as velocity
and acceleration in the Lagrangian mechanics of point-like particles. The field variable Q can be a tensor field of an
arbitrary type with the covariant and/or contravariant indices. For the time being, we suppress the tensor indices of Q
as it may not lead to a confusion. Function F depends on the determinant g of the metric tensor and can also depend
on its derivatives. We shall discuss this case in the sections that follow.
A certain care should be taken in choosing the dynamic variables of the Lagrangian formalism in case when
the variable Q is a tensor field. For example, if we choose a covariant vector field Aµ as an independent variable,
the corresponding “velocity” and “acceleration” variables must be chosen as Aµ,α and Aµ,αβ respectively. On the
other hand, if the independent variable is chosen as a contravariant vector Aµ, the corresponding “velocity” and
“acceleration” variables must be chosen as Aµ,α and Aµ,αβ. The same remark is applied to any other tensor field.
The reason behind is that Aµ and Aµ are interrelated via the metric tensor, Aµ = gµνAν. Therefore, derivative of Aµ
differs from that of Aµ by an additional term involving the derivative of the metric tensor which, if being improperly
introduced, can bring about spurious terms to the field equations derived from the principle of the least action.
Variational derivative, δF /δQ, taken with respect to the variable Q relates a change, δS , in the functional S to a
change, δF , in the function F that the functional depends on,
δS =
∫
δF d4x , (25)
where
δF = ∂F
∂Q δQ +
∂F
∂Qα δQα +
∂F
∂Qαβ δQαβ . (26)
This is a functional increment of F . The variational derivative is obtained after we single out a total divergence in the
right side of (26) by making use of the commutation relations, δQα = (δQ),α and δQαβ = (δQ),αβ. The total divergence
is reduced to a surface term in the integral (25) which vanishes on the boundary of the volume of integration. Thus,
the variation of S with respect to Q is given by
δS =
∫
δF
δQ δQd
4x , (27)
where
δF
δQ ≡
∂F
∂Q −
∂
∂xα
∂F
∂Qα +
∂2
∂xα∂xβ
∂F
∂Qαβ . (28)
Similar procedure can be applied to S by varying it with respect to Qα and Qαβ. In such a case we get the variational
derivatives of F with respect to Qα
δF
δQα ≡
∂F
∂Qα −
∂
∂xβ
∂F
∂Qαβ , (29)
and that of F with respect to Qαβ,
δF
δQαβ ≡
∂F
∂Qαβ . (30)
Let us assume that there is another geometric object,T
(
Q, Qα, Qαβ
)
, which differs from the original oneF
(
Q, Qα, Qαβ
)
by a total divergence
T
(
Q, Qα, Qαβ
)
= F
(
Q, Qα, Qαβ
)
+ ∂βHβ (Q, Qα) . (31)
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It is well-known [76, 77] that taking the variational derivative (28) from T and F yields the same result
δT
δQ ≡
δF
δQ , (32)
because the variational derivative from the divergence is zero identically. In fact, it is straightforward to prove a more
general result, namely, that the variational derivative (28), after it applies to a partial derivative of an arbitrary smooth
function, vanishes identically
δ
δQ
(
∂F
∂xα
)
≡ 0 . (33)
However, this property does not hold for a covariant derivative in the most general case [77].
The variational derivatives are covariant geometric object that is they do not depend on the choice of a particular
coordinates on manifold [14, 77]. In case, when the dynamic variable Q is not a metric tensor, this statement can
be proved by taking the first, Qα ≡ Q;α, and second, Qαβ ≡ Q;αβ, covariant derivatives of Q as independent dynamic
variables instead of its partial derivatives, Qα and Qαβ. In this case the procedure of derivation of variational derivatives
(28), (29) remains the same and the result is
δF
δQ =
∂F
∂Q −
[
∂F
∂Qα
]
;α
+
[
∂F
∂Qαβ
]
;βα
. (34)
The order, in which the covariant derivatives are taken, is imposed by the procedure of the extracting the total di-
vergence from the variation of the action in (25). The order of the derivatives is important because the covariant
derivatives do not commute.
Variational derivative of F with respect to the metric tensor gµν is defined by the same equations (28)–(30) where
we identify Q ≡ gµν, Qα ≡ gµν,α, and Qµν ≡ gµν,αβ. It yields
δF
δgµν
≡ ∂F
∂gµν
− ∂
∂xα
∂F
∂gµν,α
+
∂2
∂xα∂xβ
∂F
∂gµν,αβ
(35)
δF
δgµν,α
≡ ∂F
∂gµν,α
− ∂
∂xβ
∂F
∂gµν,αβ
, (36)
δF
δgµν,αβ
≡ ∂F
∂gµν,αβ
. (37)
If the geometric object F depends on the contravariant components of the metric tensor, gαβ, and/or its derivatives
the partial derivatives in (35)–(37) are calculated after making use of relations
∂gαβ
∂gµν
= −gα(µgν)β , (38)
∂gαβ,γ
∂gµν,σ
= −gα(µgν)βδσγ , (39)
∂gαβ,γκ
∂gµν,ρσ
= −gα(µgν)βδ(ργ δσ)κ . (40)
Variational derivatives (35)–(37) preserve covariance. The most simple way to prove it would be to express (35)–
(37) in terms of the covariant derivatives like we did in transformation of variational derivative (26) to its covariant
analogue (34). However, in case of variational derivative with respect to the metric tensor this procedure is not so
straightforward because the covariant derivative of the metric tensor, gµν;α ≡ 0, and we cannot use it as a covariant
dynamic variable being conjugated to the metric tensor. In this case, we consider a set of the metric tensor, gµν, the
Christoffel symbols Γαµν, and the Riemann tensor Rαβµν as independent dynamic variables. The action is given by
(24) where F ≡ √−g f
(
gµν, Γαµν,Rαβµν
)
is a scalar density of weight +1. Variation of F is
δF = ∂F
∂gµν
δgµν +
∂F
∂Γαµν
δΓαµν +
∂F
∂Rαβµν
δRαβµν , (41)
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where variations of the Christoffel symbols and the Riemann tensor are tensors that can be expressed in terms of the
variation δgµν of the metric tensor [56]
δΓαµν =
1
2
gασ
[
(δgσµ);ν + (δgσν);µ − (δgµν);σ
]
, (42)
δRαβµν = (δΓαβν);µ − (δΓαβµ);ν . (43)
Now, we replace variations of the Christoffel symbols and the Riemann tensor in (41) with (42), (44) and single out a
total divergence 1. It yields
δF = δF
δgµν
δgµν + Bα,α , (44)
where the total divergence vanishes on the boundary of integration of the action, and the covariant variational deriva-
tive is
δF
δgµν
=
∂F
∂gµν
− 1
2
(
gσµ
∂F
∂Γσνα
+ gσν
∂F
∂Γσµα
− gσα ∂F
∂Γσµν
)
;α
(45)
+
(
gσµ
∂F
∂Rσαβν
+ gσν
∂F
∂Rσµβα
− gσα ∂F
∂Rσµβν
)
;βα
This equation can be further simplified if we shall make use of the Christoffel symbols of the first kind, Γαµν =
gασΓσµν, and Rαβµν = gασRσβµν. The partial derivatives
∂F
∂Γσµν
= gσρ
∂F
∂Γρµν
,
∂F
∂Rσλµν
= gσρ
∂F
∂Rρλµν
. (46)
Moreover, the cyclic permutation property of the Riemann tensor tells us that
∂F
∂Rρλµν
= − ∂F
∂Rρµνλ
− ∂F
∂Rρνλµ
. (47)
Employing (46), (47) in (45) transforms, and making use of antisymmetry Rσβµν = −Rσβνµ of the Riemann tensor,
reduces (45) to a more compact form
δF
δgµν
=
∂F
∂gµν
− 1
2
(
∂F
∂Γµνα
+
∂F
∂Γνµα
− ∂F
∂Γαµν
)
;α
+
(
∂F
∂Rµαβν
+
∂F
∂Rµβαν
)
;βα
(48)
Calculation of variational derivatives requires calculation of partial derivatives with respect to the metric tensor
and other geometric objects like the Christoffel symbols, the Riemann tensor, etc. An example is the partial derivatives
from the determinant of the metric tensor
∂
√−g
∂gµν
= −1
2
√−ggµν ,
∂
√−g
∂gµν
=
1
2
√−ggµν , (49)
where g is the determinant of the metric tensor. Taking partial derivatives from F = F
(
gµν, Γαµν,Rαβµν
)
with respect to
gµν, Γαµν and Rαβµν is performed with the help of the following formulas
∂gαβ
∂gµν
= δ
(µ
α δ
ν)
β
, (50)
∂Γσαβ
∂Γρµν
= δσρ δ
(µ
α δ
ν)
β
, (51)
∂Rσγαβ
∂Rρκµν
= δσρ δ
κ
γδ
[µ
α δ
ν]
β
, (52)
1The fact that F is a scalar density is essential for the transformation of covariant derivatives to the total divergence. The total divergences can
be converted to surface integrals which vanish on the boundary of integration and, hence, can be dropped off the calculations.
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where we have accounted for the symmetry of the Christoffel symbols and the antisymmetry of the Riemann tensor.
In case when F is a function of gµν the variational derivative with respect to the contravariant metric tensor is
δF
δgµν
=
∂gαβ
∂gµν
δF
δgαβ
= −gαµgβν δF
δgαβ
. (53)
We will also need to calculate the variational derivative with respect to the density of the metric tensor, gµν. It relates
to the variational derivative of the metric tensor as follows,
δ
δgµν
=
∂gρσ
∂gµν
δ
δgρσ
= Aρσµν
1√−g
δ
δgρσ
, (54)
where
Aρσµν =
1
2
(
δ
ρ
µδ
σ
ν + δ
ρ
νδ
σ
µ − gµνgρσ
)
. (55)
The variational derivatives are not linear operators. For example, they do not obey Leibniz’s rule [78, Section 2.3].
More specifically, for any geometric object,H = FT , that is a corresponding product of two other geometric objects,
F = F
(
Q, Qα, Qαβ
)
and T = T
(
Q, Qα, Qαβ
)
, the variational derivative
δ (FT )
δQ ,
δF
δQT + F
δT
δQ , (56)
in the most general case. The chain rule with regard to the variational derivative is preserved in a limited sense. More
specifically, let us consider a geometric object F = F
(
Q, Qα, Qαβ
)
where Q is a function of a variable P, that is
Q = Q(P). Then, the variational derivative
δF
δP
=
δF
δQ
∂Q
∂P
, (57)
that can be confirmed by inspection [79]. On the other hand, if we have a singled-valued function H = H(Q), and
Q = Q
(
P, Pα, Pαβ
)
, the chain rule
δH
δP
=
∂F
∂Q
δQ
δP
, (58)
is also valid. The chain rule (58) will be often used in calculations of the present paper.
3.3. Lie derivative
Lie derivative on the manifold can be viewed as being induced by a diffeomorphism
x′α = xα + ξα(x) , (59)
such that a vector field ξα has no self-intersections, thus, defining a congruence of curves which provides a natural
mapping of the manifold into itself. Lie derivative of a geometric object F is denoted as £ξF . It is defined by a
standard rule
£ξF = F ′(x) − F (x) , (60)
where F ′ is calculated by doing its coordinate transformation induced by the change of the coordinates (59) with
subsequent pulling back the transformed object from the point x′α to xα along the congruence ξα [14]. In particular,
for any tensor density F = F µ1...µpν1...νq of type (p, q) and weight m one has
£ξF µ1...µpν1...νq = ξαF
µ1...µp
ν1...νq ,α + mξ
α
,αF µ1...µpν1...νq (61)
+F µ1...µpα...νq ξα,ν1 + . . . + F
µ1...µp
ν1...α ξ
α
,νq
−F α...µpν1...νq ξµ1 ,α − . . . − F µ1...αν1...νqξµp ,α .
We notice that all partial derivatives in the right side of equation (61) can be simultaneously replaced with the covariant
derivatives because the terms containing the Christoffel symbols cancel each other.
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The Lie derivative commutes with a partial (but not a covariant) derivative
∂α
(
£ξF
)
= £ξ (∂αF ) , (62)
where F is actually an arbitrary geometric object rather than merely a tensor density. This property allows us to prove
that a Lie derivative from a geometric object F
(
Q, Qα, Qαβ
)
can be calculated in terms of its variational derivative.
Indeed,
£ξF = ∂F
∂Q £ξQ +
∂F
∂Qα £ξQα +
∂F
∂Qαβ £ξQαβ . (63)
Now, after using the commutation property (62) and changing the order of partial derivatives in £ξQα and £ξQαβ, one
can express (63) as an algebraic sum of the variational derivative and a total divergence
£ξF = δF
δQ £ξQ +
∂
∂xα
(
δF
δQα £ξQ +
δF
δQαβ £ξQβ
)
. (64)
This property of the Lie derivative indicates its close relation to the variational derivative on manifold and will be used
in the calculations that follow this section.
It is also worth pointing out that (64) is used in derivation of Noether’s theorem of conservation of the canonical
stress-energy tensor of the field Q in case when F = L is the Lagrangian density of weight m = +1 of the field Q
which variational derivative vanishes on-shell, δF /δQ = δL/δQ = 0. The Lagrangian density has the Lie derivative
in the form of total divergence, £ξL = ∂α (ξαL), and (64) yields the conserved Noether current
Jα ≡ ξαL − δF
δQα £ξQ −
δF
δQαβ £ξQβ , (65)
where ξα is a vector field defining the change of coordinates (62). This field should not be confused with the Killing
vector defining isometry of the metric tensor. The Noether current is conserved, ∇αJα = 0, independently of whether
the manifold admit isometries or not [80].
4. Field Perturbation Theory on Spacetime Manifold
4.1. Physical fields and their perturbations
Let us consider a field theory on a background pseudo-Riemannian manifold ¯M having the metric tensor g¯µν that
is a solution of Einstein’s equations
¯Gµν − 8π ¯T Mµν = 0 , (66)
where ¯Gµν = ¯Rµν − 1/2g¯µν ¯R is the Einstein tensor, and ¯T Mµν is the stress-energy tensor of the matter fields ¯ΦA, where
the index A numerates the fields and takes the values A = 1, 2, . . . , a. We assume that the solution of the background
Einstein’s equations (66) is known.
In the simplest case the background manifold M is considered as Minkowski spacetime with the background
metric g¯µν = ηµν = diag[−1,+1,+1,+1] being the Minkowski metric. In this case, both tensors ¯Gµν and ¯T Mµν vanish
identically, and the background Einstein’s equations (66) satisfy automatically. The use of the Minkowski background
is typical in solving the problems of post-Newtonian celestial mechanics [14, 81] and in the branch of gravitational
wave astronomy dealing with calculation of templates of gravitational waves emitted by coalescing binary systems
[40, 41, 82]. Minkowski background is not appropriate in cosmology which operates with conformally-flat Friedman-
Lemaıˆtre-Robertson-Walker (FLRW) metric tensor
ds¯2 = −dT 2 + R2(T )
(
1 +
1
4 kr
2
)−2
δi jdXidX j , (67)
where T is the cosmic time, Xα = (T, Xi) are the global coordinates associated with the Hubble flow, r = √δi jXiX j,
k is the curvature of space taking one of the three values k = −1, 0,+1, and R(T ) is the scale factor which temporal
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evolution is governed by the solution of Einstein’s equations (66) with the background stress-energy tensor ¯T Mµν de-
termined by the matter fields ¯ΦA [4, 5, 56]. FLRW metric (67) is conformally flat and is not reduced to Minkowski
metric globally. The conformal nature of the cosmological metric does not allow us to apply the post-Newtonian
approximations which should be generalized to take into account the curvature of the background spacetime to solve
the Einstein equations for the field perturbations.
Let us perturb the background manifoldM so that the geometry of the perturbed manifoldM is now described by
the metric tensor gµν that is a solution of perturbed Einstein’s equations
Gµν − 8πT Mµν = 8πTµν , (68)
with the perturbed values of the Einstein tensor Gµν = Rµν − 1/2gµνR, and the stress-energy tensor T Mµν of the same
physical fields ΦA. Besides the background matter we admit the presence of the stress-energy tensor Tµν of the other
matter fields ΘB where the index B numerates the bare fields and takes values B = 1, 2, . . . , b in the right side of
Einstein’s equations. These fields represent the source of the bare perturbation of the background manifold which
can be associated in cosmology with a small-scale inhomogeneities having rather large density contrast created by the
presence of baryonic matter making stars, planets, etc. or, even, black holes.
The perturbed metric gµν and the perturbed matter fields ΦA can be always represented as linear combinations
gµν = g¯µν + κµν, and ΦA = ¯ΦA + φA, where κµν and φA are the perturbations of the metric and the matter fields
respectively. The fields ΘB are not present on the background manifold ¯M, and appear only as bare perturbations
“injected” to the background manifold from “outside”. In fact, the only physical system we are dealing with, is
the perturbed manifold. Mathematical formalism of the perturbation theory is based on separation of the physical
manifold into two parts – the background and the perturbations. This is done merely for mathematical convenience
since it allows us to set up a consistent and rigorous mathematical framework for adequate description of gravitational
physics on perturbed manifold M. In what follows, we assume that the fields ΦA and ΘB are both minimally coupled
to the curvature of spacetime in the sense of the strong equivalence principle [14, Section 3.8.2], [83, Section 6.13].
We also assume, for the sake of simplicity, that the fields ΦA and ΘB do not directly interact one with another. This
assumption can be easily relaxed but the calculations will be longer. We postpone consideration of this problem to a
future publication.
In the first approximation the field perturbations κµν and φA can be split in two categories:
1. the free perturbations, which are solutions of the homogeneous Einstein’s equations (68) with the right side
Tµν = 0;
2. the induced perturbations, which are particular solutions of the inhomogeneous equations (68) with the right
side Tµν , 0.
If the background manifold is Minkowski-flat, only the induced perturbations make physical sense as the free pertur-
bations represent merely coordinate effects which can be removed by a corresponding choice of coordinates on the
background manifold ¯M. This is no longer true if the background manifold is curved. For example, in cosmology
the free perturbations are basically primordial perturbations which are relics of the boundary conditions imposed at
the epoch of Big Bang without presence of any particular physical source. There are several alternative explanations
of the formation of the primordial (free) perturbations which are discussed, for example, in textbooks [3, 4, 84]. The
free perturbations of matter fields grow to form the large-scale structure of the universe. The source of the induced
perturbations in cosmology is the stress-energy tensor Tµν of the bare perturbations ΘB. Due to the non-linearity
of Einstein’s equations the perturbations interact between themselves and one with another through the gravitational
coupling in non-linear Einstein’s equations. It makes the geometric structure of the perturbed manifold M rather
entangled as we go from the first to higher-order approximation theory.
The present paper describes how to find out the perturbed geometric structure of the manifoldM, how to formulate
the field equations for the perturbations, and how to derive the equations of motion of perturbations on the basis of
the Lagrangian-based variational principle [79, 85]. The Lagrangian formalism allows us to set up the perturbation
theory in a covariant and gauge-invariant representation directly, without splitting the metric tensor perturbations in the
scalar, vector and tensor modes which is a rather popular approach in the studies of cosmological perturbations [3, 4].
However, such splitting is usually accompanied with a specific foliation of comsological spacetime which disguises
the covariant nature of the perturbation theory and makes the entire perturbation approach look quite different from
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the post-Newtonian approximation scheme elaborated on the Minkowski-flat background manifold. The Lagrangian-
based variational formalism allows us to reconcile the theory of cosmological perturbations with the post-Newtonian
approximations in a natural and self-consistent way.
4.2. The Lagrangian-based variational principle
The Lagrangian formulation of the dynamic theory of field perturbations in general relativity starts off the Hilbert
action defined on the unperturbed background manifold ¯M,
¯S =
∫
d4x ¯L
(
g¯µν, ¯ΦA
)
, (69)
where ¯L = √−g¯ ¯L is a scalar density of weight +1 (because of √−g¯), ¯L = ¯L
(
g¯µν, ¯ΦA
)
is the Lagrangian which is a
scalar function depending on the metric tensor, the matter fields ¯ΦA = { ¯Φ1, ¯Φ2, . . . , ¯Φa}, and their partial derivatives.
To avoid superfluous notations we did not show explicitly in (69) but keep in mind, the dependence of the Lagrangian
on the partial derivatives of the field. The matter fields ¯ΦA determine the dynamic and geometric structure of the
background manifold ¯M via Einstein’s equations. For short, we shall call the Lagrangian density, ¯L, simply the
Lagrangian.
The LagrangianL is split in two parts
¯L
(
g¯µν, ¯ΦA
)
= ¯LG
(
g¯µν
)
+ ¯LM
(
g¯µν, ¯ΦA
)
, (70)
where the gravitational (Hilbert) Lagrangian
¯LG
(
g¯αβ
)
≡ − 1
16π
√
−g¯ ¯R , (71)
depends on the background metric tensor g¯µν as well as on its first and second derivatives. The matter Lagrangian,
¯LM, depends on the matter fields ¯ΦA and their derivatives. It also depends on the metric tensor and (for instance, in
the case of Yang-Mills fields) on its first derivatives.
Dynamic equations of the gravitational field and matter are derived from the principle of the least action by varying
the action (69) and equating its variation to zero. This procedure is well-known and we shall not repeat it over here
(see, for example, [14, section 3.9]). It is equivalent to taking the variational derivatives (28) from the Lagrangian (70)
with the variable Q = {g¯µν, ¯ΦA}. It yields the Euler-Lagrange equations
δ ¯LM
δ ¯ΦA
= 0 , (72)
δ ¯LG
δg¯µν
+
δ ¯LM
δg¯µν
= 0 . (73)
Equation (72) describes a dynamic evolution of the matter fields ¯ΦA. Equation (73) can be recognized as the Einstein
equations (66) for the background gravitational field (the metric tensor) after noticing that the variational derivatives
δ ¯LG
δg¯µν
= − 1
16π
¯Rµν , (74)
δ ¯LM
δg¯µν
=
1
2
(
¯T Mµν −
1
2
g¯µν ¯T M
)
, (75)
where ¯Rµν is the background value of the Ricci tensor calculated with the help of the background metric g¯µν, and ¯T Mµν is
the stress-energy tensor of the fields ¯ΦA. Equation (75) is just a definition of the metrical stress-energy tensor of matter
[14, Section 3.9.5]. Equation (74) is usually derived by varying the gravitational action (see, for instance, [14, page
310], [56, page 364]) and extracting the total derivative that vanishes on the boundary of the volume of integration.
The same result is obtained if we take the variational derivative (74) directly by making use of (54), (53) and (35).
Calculations are straightforward but tedious, and are given in Appendix (A) of the present paper. The same result can
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be achieved in much shorter and attractive way if we use the covariant definition (45) of the variational derivative.
Indeed, the Lagrangian (71) is equivalent to
¯LG = − 1
16π g¯
κλδσρ ¯R
ρ
κσλ (76)
This expression depends only on the metric tensor and the Riemann tensor as a linear algebraic function. Hence,
partial derivatives with respect to the Christoffel symbols are automatically nil. Moreover, the covariant derivatives
from the metric tensor vanish identically. Hence, the variational derivative (45) (along with (53)) is reduced to a
simple partial derivative
δ ¯LG
δg¯µν
= − 1
16π
∂g¯κλ
∂g¯µν
¯Rκλ , (77)
that immediately results in (74).
Physical perturbations of the background manifold ¯M are caused either by imposing the initial spectrum of pri-
mordial perturbations on the metric tensor gµν and fields ΦA or by “injecting” on the manifold the bare matter field
¯ΘB with the Lagrangian ¯LP = √−g¯ ¯LP where ¯LP ≡ ¯LP(g¯µν, ¯ΘB) is a scalar function. The present paper assumes that
¯ΘB is minimally coupled with gravity but does not interact directly with the fields ¯ΦA. We postulate that the absolute
value of ¯LP is much smaller than the Lagrangian ¯L of the background manifold, that is ¯LP ≪ ¯L. The fields ¯ΘB can
be conceived, for example, as a baryonic matter composing an isolated astronomical system like the solar system or
a galaxy, or a cluster of galaxies. However, it is also admissible to consider ¯ΘB as a seed perturbations of the fields
¯ΦA, for example, in discussion of the formation of the small-scale structure of the universe at the latest stages of its
evolution. The assumptions imposed on the Lagrangian of the fields ¯ΘB presume that in order to describe the dynamic
evolution of the perturbed manifoldM we should add algebraically the Lagrangian ¯LP of the bare perturbations to the
unperturbed Lagrangian ¯L of the background manifold, write down the perturbed Einstein equations for the metric
tensor perturbations lµν along with the equations for the perturbations φA of the fields ¯ΦA, solve them, and proceed to
the second, third, etc. iterations if necessary. The iterative theory of the Lagrangian perturbations of the manifold is
described in the following sections.
4.3. The Lagrangian perturbations of dynamic fields
Lagrangian-based formulation of the dynamic theory of physical perturbations of a manifold starts off the Hilbert
action
S =
∫
d4xL(gµν,ΦA,ΘB) , (78)
where L = √−gL is the scalar density of weight +1, and L = L(gµν,ΦA,ΘB) is the Lagrangian depending on the
metric tensor, the matter fields ΦA = {Φ1,Φ2, . . . ,Φa}, and the fields ΘB = {Θ1,Θ2, . . . ,Θb} representing the bare
perturbation of the manifold.
The LagrangianL consists of three parts
L
(
gµν,ΦA,ΘB
)
= LG
(
gµν
)
+LM
(
gµν,ΦA
)
+ LP
(
gµν,ΘB
)
, (79)
where the gravitational (Hilbert) Lagrangian
LG
(
gαβ
)
≡ − 1
16π
√−gR , (80)
depends on the metric tensor gµν, its first and second derivatives. The Lagrangians of matter,LM andLP, depend solely
on the metric tensor and its first derivatives. They also depend directly on the matter fields ΦA andΘB and their partial
derivatives but we did not show it explicitly to avoid tedious notations. The matter fields ΦA and ΘB are minimally
coupled to gravity but we assume that they are not directly coupled to each other. Hence, the Lagrangian of the
interaction between these fields does not appear explicitly in (79). This assumption can be relaxed and successfully
handled with the formalism of the present paper but the computational aspects become more intricate and will be
considered somewhere else.
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It is worth noticing that LM and LP depend on the metric tensor gµν both explicitly and implicitly through the
mathematical definition of the matter fields ΦA and ΘB. For example, consider the Lagrangian of the perfect fluid
LM = ρ (1 + Π) √−g, whereΠ is the specific internal energy of the fluid and ρ is the energy density. The metric tensor
appears explicitly as √−g and implicitly in ρ that is defined as the ratio of the rest energy of the fluid’s element to its
comoving volume which depends on the determinant of the metric tensor [14]. Since Π = Π(ρ) is a thermodynamic
function of ρ, it also depends implicitly on the metric tensor. It means that the variational derivatives of ρ and Π with
respect to the metric tensor have certain values which we shall discuss in the sections which follow and in Appendix
A.2.1.
We define perturbations of the gravitational and matter fields residing on the background manifold by the following
equations,
gµν(x) = g¯µν(x) + hµν(x) , (81)
ΦA(x) = ¯ΦA(x) + φA(x) , (82)
ΘB(x) = ¯ΘB(x) + θB(x) , (83)
where all functions are taken at one and the same point x ≡ xα of the unperturbed manifold ¯M. The perturbed
values of the fields are assumed to be sufficiently small compared with their background counterparts: |hµν| < |g¯µν|,
|φA| < | ¯ΦA| and |θB| < | ¯ΘB|. There are no specific limitations on the rate of change of the perturbations that is we
assume a slow-motion approximation and do not assume that the time derivatives are much smaller than spatial partial
derivatives. The second partial derivatives of the fields are comparable (due to the field equations) with the magnitude
of the stress-energy tensor, T µν, of the bare perturbations that is |hµν,µν| ∼ |φA,µν| ∼ |T µν|. Similar assumptions are
used in the method of solution of Einstein’s equations in asymptotically-flat space time called the post-Minkowskian
approximations [15, 16, 86]. The present paper extends the post-Minkowskian approximations to a more sophisticated
realm of curved background manifolds.
We consider the conjugated pairs of perturbations and its first partial derivatives {hµν, hµν |α}, {φA, φA |α} along with
the bare perturbing field
{
θB, θB |α
}
, where the vertical bar denotes a covariant derivative on the background manifold, as
a set of independent dynamic variables which propagate on the background manifold ¯M with the metric g¯µν. In order
to derive the differential equations governing the evolution of the perturbations we substitute the field decompositions
(81)–(83) to the LagrangianL defined by equations (79) which yields
L = LG(g¯µν + hµν) +LM( ¯ΦA + φA, g¯µν + hµν) +LP( ¯ΘB + θB, g¯µν + hµν) . (84)
Because the perturbations hµν, φA, θB are linearly superimposed on the background values of the metric tensor g¯µν
and fields ¯Φ, ¯ΘB respectively, the perturbed (total) Lagrangian (84) admits the following property of the variational
derivatives,
δL
δhµν
=
δL
δg¯µν
,
δL
δφA
=
δL
δ ¯ΦA
,
δL
δθB
=
δL
δ ¯ΘB
. (85)
These relations allow us to replace the variational derivatives of the total Lagrangian taken with respect to the dynamic
perturbation of the field for those taken with respect to the background value of the corresponding field. It turns out
to be a very useful device in calculations of the variational derivatives and in building the iterative scheme of solving
the Einstein equations by successive approximations.
4.4. The Lagrangian series decomposition
The perturbative theory of the dynamic fields on the background spacetime manifold ¯M is based on the Taylor
series decomposition of the total Lagrangian with respect to the field perturbations which magnitude plays the role of
a small parameter of the theory. The formal procedure is straightforward and has been described by B. DeWitt [87].
More specifically, we take the total Lagrangian (84) and expand it in a Taylor series by making use of the variational
derivatives of L with respect to the dynamic variables hµν and φA. The Taylor expansion of L with respect to θ can
be also performed but we prefer to avoid it because physical measurements yield access to the total value of the bare
perturbation Θ. The reader should keep in mind that the expansion of the Lagrangian is performed under the sign of
the integral in the action functional (78). Therefore, all terms in this expansion which are reduced to a total divergence
can be discarded as they do not contribute to the value of the action integral.
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We assume at the beginning of the calculation that the perturbations and their derivatives are sufficiently small
to ensure the convergence of the Taylor expansion of the Lagrangian. For the Lagrangian is a function of several
variables, the Taylor series has terms with the mixed derivatives starting from the second order. At the first glance,
the presence of the mixed derivatives causes mathematical complication in ordering the higher-order terms. It is
remarkable that this problem can be nicely handled after taking into account the following property of the commutator
of two variational derivatives [79]
hαβ
δ
δg¯αβ
(
φA
δ ¯L
δ ¯ΦA
)
− φA δ
δ ¯ΦA
(
hαβ
δ ¯L
δg¯αβ
)
= ∂αHα , (86)
where Hα denotes a vector density of weight +1 made of the partial derivatives from the background Lagrangian ¯L,
and the repeated field label A denotes Einstein’s summation over all fields ΦA. This commutation rule is also valid
for any two fields from the field multiplets ΦA, ΘB, etc. Equation (86) allows us to change the order of the variational
derivatives to reshuffle terms with the mixed derivatives in the Taylor expansion of the perturbed Lagrangian L. In
doing this, all terms representing the total divergence can be omitted from the Taylor expansion since the variational
derivative from them vanishes identically, and they do not contribute to the field equations according to (31), (32).
Using this procedure we can put all terms with the mixed derivatives in a specific order so that the Taylor expansion
of the Lagrangian takes the following elegant form
L = LP +
∞∑
n=0
Ln . (87)
Here, LP is the Lagrangian of the bare perturbation,L0 ≡ ¯L is the Lagrangian (70) describing dynamic properties of
the background manifold, and for any n ≥ 1,
Ln = 1
n
(
hµν
δLn−1
δg¯µν
+ φA
δLn−1
δ ¯ΦA
)
, (88)
represents a collection of terms of the power n with respect to the perturbations hµν and φA. In particular, the linear
and quadratic terms of the expansion (87) read
L1 = hµν δ
¯L
δg¯µν
+ φA
δ ¯L
δ ¯ΦA
, (89)
L2 = 12
(
hµν
δL1
δg¯µν
+ φA
δL1
δ ¯ΦA
)
, (90)
and so on. We conclude that each subsequent term in the Taylor expansion of the Lagrangian (87) can be obtained from
the previous approximation by taking the variational derivative. The entire analytic procedure is easily computerized.
Equation (88) can be proved by induction starting from the value of L1 in (89) which is apparently true, and
operating with the commutation rule (86) in higher orders in order to confirm that the result is reduced to the orig-
inal Taylor series. The commutation property (86) of the variational derivatives allows us to write down the Taylor
expansion (87) as follows
L = exp
(
hµν
δ
δg¯µν
+ φA
δ
δ ¯ΦA
)
¯L +LP , (91)
that establishes a mapping relation between the perturbed, L, and unperturbed, ¯L, Lagrangians in the most succinct,
exponential form.
By applying equation (85) to the Taylor series (87), and making use of δLP/δhµν = δLP/δg¯µν, we get an important
relation between the variational derivatives of the consecutive terms Ln and Ln−1 in the series decomposition of the
Lagrangian,
δLn
δhµν
=
δLn−1
δg¯µν
,
δLn
δφA
=
δLn−1
δ ¯ΦA
. (92)
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These relations can be confirmed directly by making use of (88) that establishes a relation between the adjacent orders
of the Lagrangian expansion (87). In doing so, we have to keep in mind that the total divergences can be always
discarded.
If necessary, the Lagrangian of the bare perturbation can be also expanded in the Taylor series with respect to hµν,
LP = LΘ + hµν δL
Θ
δg¯µν
+
1
2!
hαβ
δ
δg¯αβ
(
hµν
δLΘ
δg¯µν
)
+ . . . (93)
= exp
(
hµν
δ
δg¯µν
)
LΘ ,
where we have defined LΘ ≡ LP(ΘB, g¯µν). However, in practical calculations it is more convenient to keep LP
unexpanded, remembering that at each iteration the metric tensor gµν and the field Θ enteringLP are known up to the
order of the approximation under consideration.
4.5. The Dynamic and Effective Lagrangians
In order to build the field perturbation theory on a curved background manifold ¯M we have to single out the first
order terms which represent the linear differential equations for the dynamic field variables. The entire theory is built
under assumption that the background field equations are valid exactly. In other words, the perturbation theory is valid
on-shell.
The principle of the least action tells us that the Lagrangian (84) must be stationary with respect to variations of
the metric tensor gµν and the field variables ΦA,
δL
δgµν
= 0 , δL
δΦA
= 0 . (94)
We also assume that the background Lagrangian (70) is stationary with respect to the variations of the background
variables g¯µν and ¯ΦA, and the field equations (72), (73) are valid. It means that the variational derivatives with respect
to hµν and φA from the background Lagrangian L0 ≡ ¯L vanish identically. Therefore, applying equations (92) to the
terms of the linear order, n = 1, yields
δL1
δhµν
=
δ ¯L
δg¯µν
= 0 , (95)
δL1
δφA
=
δ ¯L
δ ¯ΦA
= 0 , (96)
due to the background field equations (72), (73).
Equations (95), (96) point out that the dynamics of physical field perturbations is governed solely by the quadratic,
cubic and higher-order polynomial terms in the Lagrangian decomposition (87). We define the dynamic Lagrangian
of the dynamic perturbations as follows [79, 85]
Ldyn ≡ L2 + L3 + . . . , (97)
so that the total Lagrangian (87) can be written down in the following form
L = ¯L +L1 + Ldyn + LP . (98)
The background Lagrangian, ¯L, does not depend on the dynamic variables, hµν, φA and θB which represent the
field perturbations. Hence, the variational derivative from ¯L taken with respect to any of these variables is identically
zero,
δ ¯L
δhµν
≡ 0 , δ
¯L
δφA
≡ 0 . (99)
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On the other hand, the variational derivative from L1 taken with respect to hµν or φA vanishes on-shell due to the
background field equations, as evident in (95), (96). Hence, the Lagrangian perturbation theory of dynamic fields
residing on the background manifold ¯M can be built on-shell with the help of the effective Lagrangian
Leff ≡ Ldyn +LP . (100)
The effective Lagrangian is convenient for deriving the field equations of the physical perturbations and equations of
motion of matter which are discussed in the rest of the present paper.
4.6. Field equations for gravitational perturbations
By definition, the dynamic perturbations of gravitational field are the perturbations hµν of the contravariant com-
ponents of the metric tensor density. The field equations for the metric perturbations are obtained after taking the
variational derivative from the total Lagrangian L with respect to hµν, and equating it to zero. Due to equations (95),
(96) and (99) this derivative is reduced to that taken from the effective LagrangianLeff ,
δLeff
δhµν
= 0 . (101)
Because of (95), it is equivalent to equation δ
(
L − ¯L
)
/δhµν = 0 or, after applying (85), to δ
(
L − ¯L
)
/δg¯µν = 0.
ReplacingL in this equation with expansion (98) and accounting for the background Einstein equations, δ ¯L/δg¯µν = 0,
we recast (101) into the following form
− δL1
δg¯µν
=
δLeff
δg¯µν
, (102)
where we have used (54) in order to replace the variational derivative with respect to g¯µν for that with respect to g¯µν.
The Euler-Lagrangian equation (102) is equivalent to (101) but more convenient to work with. It is worth emphasizing
that is equivalent on-shell to the first variational equation (94).
By taking the variational derivatives one can reduce equation (102) to a more tractable tensor form
FGµν + F
M
µν = 8πΛµν , (103)
where
Λµν ≡ 2√−g¯
δLeff
δg¯µν
, (104)
is the effective stress-energy tensor and the left side of (103) is a Laplace-Beltrami operator for tensor field hµν on the
background manifold [53] that consists of two parts [79, 85]
FGµν ≡ −
16π√−g¯
δ
δg¯µν
(
hρσ
δ ¯LG
δg¯ρσ
)
, (105)
FMµν ≡ −
16π√−g¯
δ
δg¯µν
(
hρσ
δ ¯LM
δg¯ρσ
+ φA
δ ¯LM
δ ¯ΦA
)
. (106)
Operator FGµν describes the linearized perturbation of the Ricci tensor and can be easily calculated on any back-
ground manifold. Indeed, taking into account (74), we immediately get
FGµν =
1√−g¯
δ
δg¯µν
(
hρσ ¯Rρσ
)
. (107)
Now, according to the rule of rising and lowering indices of the variational derivatives, we can recast (107) to
FGµν = −
1√−g¯ g¯µχgνǫ
δ
δg¯χǫ
(
hργδκλ
¯Rλρκγ
)
. (108)
Variational derivative in (108) is calculated with the help of the covariant definition (45) where the covariant derivatives
are taken on the background manifold ¯M and are denoted with a vertical bar. We recall that hργ is an independent
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dynamic variable while the term under the sign of the variational derivative in (108) depends merely on the background
Riemann tensor without explicit appearance of the Christoffel symbols. Therefore, the variational derivative in (108)
is taken only with respect to the Riemann tensor in accordance with (45). It yields
δ
δg¯χǫ
(
hργδκλ
¯Rλρκγ
)
=
[
hργδκλ
(
g¯σχδλσδ
α
ρδ
[β
κ δ
ǫ]
γ + g¯
σǫδλσδ
χ
ρδ
[β
κ δ
α]
γ − g¯σαδλσδχρδ[βκ δǫ]γ
)]
|βα
=
(
hα[ǫ g¯β]χ + hχ[αg¯β]ǫ − hχ[ǫ g¯β]α
)
|βα
=
1
2
(
hαχg¯βǫ + hαǫ g¯βχ − hχǫ g¯αβ − hαβg¯χǫ
)
|βα , (109)
where we have taken into account that the expression enclosed in the brackets, is symmetric with respect to indices
α and β. We substitute (109) to (108) and recollect definition of hµν = √−g¯lµν along with the constancy of the
background metric tensor g¯µν with respect to the covariant derivative. It results in the differential operator
FGµν =
1
2
(
lµν |α |α + g¯µνlαβ |αβ − lαµ|να − lαν|µα
)
, (110)
where each vertical bar denotes a covariant derivative with respect to the background metric g¯µν, and lαβ ≡ hαβ/
√−g¯
(the indices are raised and lowered with the background metric g¯αβ). We emphasize that expression (110) is exact.
Operator FMµν describes perturbation of the stress-energy tensor ¯Tµν of the background matter governing the on-
shell evolution of the background manifold ¯M. Hence, it vanishes on any Ricci-flat spacetime manifold ( ¯Rµν = 0) in
general relativity as a consequence of the background Einstein’s equations (66). Cosmological FLRW spacetime is not
Ricci flat. Therefore, FMµν makes a non-trivial contribution to the field equations (103) for gravitational perturbations.
Variational derivative in definition (106) of FMµν is taken from the Lagrangian, LM, characterizing the background
matter fields ¯ΦA, and depends crucially on its particular form which must be specified in each individual case of
physical fields under consideration. We can bring (106) to a more explicit form by accounting for the definition of the
metrical stress-energy tensor of the background matter [14]
¯T Mµν ≡
2√−g¯
δ ¯LM
δg¯µν
, (111)
and introducing a new function
¯IMA ≡
2√−g¯
δ ¯LM
δ ¯ΦA
. (112)
We notice that ¯IMA vanishes on-shell because of the field equation (72). However, this equation should not be applied
immediately in the definition (106) of FMµν as we, first, have to take the variational derivative with respect to the metric
tensor which is off-shell operation. With these remarks equation (106) takes on the following form
FMµν = −
8π√−g¯
δ
δg¯µν
(
hρσ ¯T Mρσ −
1
2
h ¯T M +
√
−g¯φA ¯IMA
)
. (113)
We shall calculate (113) later on for an ideal fluid (dark matter) and a scalar field (dark energy) in the case of the
FLRW universe governed by dark matter and dark energy.
The right side of equation (103) contains the effective stress-energy tensor consisting of two contributions
Λµν = Tµν + Tµν , (114)
where
Tµν ≡ 2√−g¯
δLP
δg¯µν
, (115)
is the stress-energy tensor of the bare perturbation, and
Tµν ≡ 2√−g¯
δLdyn
δg¯µν
, (116)
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is the stress-energy tensor associated with the dynamic field perturbations hµν and φA.
It is important to emphasize that stress-energy tensor Tµν of the bare perturbations is defined as a variational
derivative with respect to the background metric, g¯µν. Hence, it differs from the similar tensor
Tαβ =
2√−g
δLP
δgαβ
, (117)
which was introduced earlier (see (68)) and is defined in terms of the variational derivative with respect to the full
metric gµν = g¯µν + κµν + .... These two tensors, Tµν and Tµν, are closely related. The relation between them can be
found by making use of equations
∂gµν
∂g¯αβ
=
√
−g¯
[
δ
(µ
α δ
ν)
β
− 1
2
g¯µνg¯αβ
]
, (118)
∂gρσ
∂gµν
=
1√−g
[
δ
(ρ
µ δ
σ)
ν −
1
2
gρσgµν
]
, (119)
and
δ
δg¯αβ
=
∂gµν
∂g¯αβ
∂gρσ
∂gµν
δ
δgρσ
. (120)
It yields an exact relation
Tµν = Tµν − 12gµνT −
1
2
g¯µνg¯αβ
(
Tαβ − 12 gαβT
)
, (121)
where the trace of the stress energy tensor is defined as T ≡ gαβTαβ. Relation (121) can be inverted leading to another
exact formula
Tµν = Tµν − 12 g¯µνT −
1
2
gµνgαβ
(
Tαβ − 12 g¯αβT
)
, (122)
where T = g¯αβTαβ.
Tensor Tµν can be split in two algebraically-independent parts
Tµν = tµν + τµν , (123)
where tµν is the stress-energy tensor of pure gravitational perturbations hµν while τµν is the stress-energy tensor char-
acterizing gravitational coupling of the matter field φA with the gravitational perturbations hµν. For example, in the
second-order approximation, when Ldyn = L2, the corresponding stress-energy tensors are given by equations
tµν = − 116π√−g¯
δ
δg¯µν
(
hρσFGρσ −
1
2
hFG
)
, (124)
τµν = − 116π√−g¯
δ
δg¯µν
(
hρσFMρσ −
1
2
hFM +
√
−g¯φAFMA
)
, (125)
where FMA is defined below in (131).
As soon as the differential operators and the source terms in the field equation (103) are specified, it can be solved
by successive iterations. It requires decomposition of the perturbations hµν and φa in the post-Friedmanian series
hµν = Ghµν1 +G
2h
µν
2 +G
3h
µν
3 + . . . , (126)
φA = GφA1 +G
2φA2 +G
3φA3 + . . . , (127)
where the terms with indices n = 1, 2, 3, . . . represent the successive approximations of the corresponding order of
magnitude with respect to the universal gravitational constant G (which we showed in these equations explicitly).
These series generalize analogous series in the post-Minkowskian approximation scheme applied to solve Einstein’s
equations in asymptotically-flat spacetime [15, 16, 86, 88]. We conjecture that the series (126), (127) are analytic
and convergent for a sufficiently small magnitude of the perturbations. However, the proof of this conjecture requires
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dedicated mathematical efforts and a special study which we do not pursue in the present paper because of its enormous
mathematical difficulty.
The post-Friedmannian iteration procedure starts off the substitution of the unperturbed values of hµν = φa = 0 to
the right side of (103) and finding the linear perturbation hµν1 . The solution is substituted back to the right side of (103),
which is solved again to find hµν2 , and so on. In addition to the field equations for the metric tensor perturbations, we
need additional set of differential equations to find out the perturbations of the matter fields φA.
4.7. Field equations for matter perturbations
Equations for the background matter field perturbation φA are derived from the effective Lagrangian (100) by
taking the variational derivative with respect to the dynamic variable φA. The Lagrangian LP does not depend on
φA and drops out from further calculations. Moreover, we assume that the background field equations (72) and the
stationary conditions (96) are satisfied. Thus, the stationarity of the Lagrangian (98) with respect to the perturbations
φA yields
δLdyn
δφA
= 0 , (128)
which is equivalent to
− δL1
δ ¯ΦA
=
δLdyn
δ ¯ΦA
. (129)
After taking the variational derivatives, equation (129) assumes the following form
FMA = 8πΣMA , (130)
where the linear (Laplace-Beltrami) differential operator
FMA ≡ −
16π√−g¯
δ
δ ¯ΦA
(
hµν
δ ¯LM
δg¯µν
+ φA
δ ¯LM
δ ¯ΦA
)
, (131)
and the source density
ΣMA ≡
2√−g¯
δLdyn
δ ¯ΦA
. (132)
All linear with respect to hαβ and φA terms are included in the left side of equation (130) while the non-linear terms
have been put in ΣMA . More explicit form of the operator FMA can be obtained with the help of (111), (112) that results
in
FMA = −
8π√−g¯
δ
δ ¯ΦA
(
hρσ ¯T Mρσ −
1
2
h ¯T M +
√
−g¯φA ¯IMA
)
. (133)
Further specification of the operator FMA requires a particular model of the background matter Lagrangian ¯LM which
will be discussed in section 5.
Field equations for bare perturbations,ΘB, are obtained after taking the variational derivative from the Lagrangian
(100) with respect to the variable ΘB. Because the only part of the Lagrangian which depends on this field, is LP, the
equations are reduced to
δLP
δΘB
= 0 . (134)
Particular form of this equation depends on a specific choice of the Lagrangian LP of the bare perturbation. In the
lowest order of approximation the field equations (130) and (134) describe evolution of the dynamic perturbations
φA and ΘB on the unperturbed cosmological background. The next-order approximations take into account the back
reaction of the background perturbations on these fields.
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4.8. Gauge invariance of the field equations
Gauge invariance of the dynamic perturbations is an important geometric property that allows us to distinguish
physical degrees of freedom of gravitational and matter fields from the spurious modes generated by transformations
of the local coordinates on manifold. Any self-consistent perturbation theory must clearly separate the coordinate-
dependent effects from physical perturbations which do not depend on the choice of coordinates. The gauge trans-
formation is generated by the exponential mapping of spacetime manifold to itself, M → M, that is induced by a
non-singular vector flow having a tangent vector ξα ≡ ξβ(xα) associated with a finite translation of each point of the
manifold
x′α = exp
(
ξβ∂β
)
xα = xα + ξα +
1
2!
ξβ∂βξ
α + . . . . (135)
It drags the coordinate grid on manifold along the vector field ξα, and makes a point-wise change of any geometric
object F (xα) to F ′(x′α). The transformed object F′(x′α) is, then, pulled back to its value F′(xα) taken at the point on
the manifold having the same coordinates. It defines the gauge transformation of F that is found to be an exponential
Lie transform [79, 85],
F ′(xα) =
(
exp £ξ
)
F (xα) = F (xα) + £ξF (xα) + 12!£
2
ξF (xα) + . . . , (136)
where the Lie derivative £ξF has been defined in equation (61), £2ξ ≡ £ξ£ξ, £3ξ ≡ £ξ£ξ£ξ, and so on.
For the gauge transformation of a geometric object is generated by the change of coordinates it has no real physical
meaning and should be considered as spurious. The gauge freedom should be carefully studied in order to eliminate
the non-physical degrees of freedom. The gauge transformation of the metric tensor, gµν, and the matter fields, ΦA,
ΘB, leads to appearance of the gauge-dependent perturbations which imply that the background values of gµν, ΦA, ΘB
do not change under the gauge transformation – only the dynamic perturbations, hµν, φA, θB change. Hence, the gauge
transformation (136) applied to these fields induces the following gauge transformations of the perturbations of these
fields,
h′µν = hµν +
(
exp £ξ − 1
)
(g¯µν + hµν) , (137)
φ′A = φA +
(
exp £ξ − 1
) (
¯ΦA + φA
)
, (138)
θ′B = θB +
(
exp £ξ − 1
) (
¯ΘB + θB
)
, (139)
that depend on the gauge vector field ξα.
Let us consider the gauge transformation of the total Lagrangian (79) induced by the gauge transformations of its
arguments. The transformed Lagrangian L′ has the same functional form as L but depends now on the transformed
(denoted with a prime) values of the dynamic variables, L′ ≡ L
(
g¯µν + h′µν, ¯ΦA + φ′A, ¯ΘB + θ′B
)
. We replace the
transformed variables with their original values by making use of equations (137)–(139). It yields
L′ = L
[
exp £ξ
(
g¯µν + hµν
)
, exp £ξ
(
¯ΦA + φA
)
, exp £ξ
(
¯ΘB + θB
)]
. (140)
This equation can be further transformed by making use of the following relation [79]
L
[
exp £ξ
(
g¯µν + hµν
)
, exp £ξ
(
¯ΦA + φA
)
, exp £ξ
(
¯ΘB + θB
)]
= exp £ξ
[
L
(
g¯µν + hµν , ¯ΦA + φA , ¯ΘB + θB
)]
, (141)
that is valid modulo total divergence which is inessential in the variational calculus. We expand the right side of (141)
in a Taylor series, like in (136), and take into account that the Lagrangian is a scalar density of weight +1 for which
the Lie derivative, £ξL = ∂α (ξαL). It eventually yields the gauge transformation of the Lagrangian in the following
form
L′ = L + ∂α
(
ξαL
)
+
1
2!
∂α
(
ξα∂β
(
ξβL
))
+
1
3!∂α
(
ξα∂β
(
ξβ∂γ
(
ξγL
)))
+ . . . , (142)
where the second, third, and all other terms in the right side of this infinite series represent a divergence. The di-
vergence vanishes when one takes the variational derivative from it and, hence, it can be omitted from the action
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functional S given in (78). The conclusion is that the action S and the Lagrangian (84) are gauge-invariant with
respect to the gauge transformation of their arguments. This assertion does not involve any background equations of
motion and/or field equations and, thus, is valid both on-shell and off-shell.
On the other hand, the effective Lagrangian (100) is gauge-invariant only on-shell that is only when the background
field equations (72), (73) are satisfied. Indeed, the effective Lagrangian can be represented as a difference Leff =
L − L1 − ¯L. After making the gauge transformations (137)–(139) of the dynamic variables, we get a new effective
Lagrangian L′eff = L′ − L′1 − ¯L where the background value of the Lagrangian stays the same. The difference
δLeff = L′eff − Leff is
δLeff = δL +
(
exp £ξ − 1
) [
(g¯µν + hµν) δ
¯L
δg¯µν
+
(
¯ΦA + φA
) δ ¯L
δ ¯ΦA
]
, (143)
where the terms being enclosed in the square brackets, vanish on-shell due to the background field equations (72),
(73). Therefore, δLeff = δL which is a total divergence as follows from (142). Hence, Leff it is gauge-invariant
on-shell.
The gauge invariance of the Lagrangian suggests that the Einstein equations (103) for metric perturbations are
gauge invariant as well. It is straightforward to prove it by direct but otherwise tedious calculation which technical
details are given in [79]. Gauge transformations (137)–(139) applied to the Einstein equations (103) transform them
as follows
F′Gµν + F
′M
µν − 8πΛ′µν = FGµν + FMµν − 8πΛµν + exp £ξF , (144)
where function F vanishes on-shell due to the background field equations (72), (73). Therefore, if the field equations
for gravitational perturbations are valid at least in one gauge, they are valid in any other gauge as well. We have
checked that the field equations (130) for the matter perturbations are also gauge-invariant.
5. The Dynamic Field Theory in Cosmology
We shall implement the formalism of the dynamic field theory in cosmology to derive the field equations for
cosmological perturbations of gravitational field and matter. We shall rely in our analysis upon the cosmological
model that is in the most close agreement with modern observational data. In this model the background manifold
represents the spatially homogeneous and isotropic FLRW universe which temporal evolution is governed by an ideal
fluid with an arbitrary equations of state and a scalar field with an arbitrary potential. The ideal fluid models a self-
interacting dark matter [89] while the scalar field describes dark energy in the form of quintessence [90]. The dark
matter without self-interaction is included in our theoretical scheme as a pressureless ideal fluid. The dynamic field
variables of the dark matter and dark energy are two scalar fields, Φ1 and Φ2 which form a doublet, ΦA = {Φ1,Φ2}.
We identify the scalar field Φ1 with the (scalar) Clebsch potential Φ of the ideal fluid, and Φ2 with a scalar field Ψ
having the potential W = W(Ψ) depending only on the scalar field Ψ. The third matter component in our model is
the baryonic matter making stars, galaxies, etc. as well as neutrino. The baryonic matter and neutrino make up a
small fraction (≃ 4%) of the overall mass of the observed universe. Thus, it can be associated with the bare field
perturbation. We limit ourselves with a single scalar field ΘB ≡ Θ describing this perturbation. This model may be
still too simple to describe the real universe but it nicely demonstrates the richness and flexibility of the formalism of
the dynamic field theory in doing cosmological applications without involving too many secondary details.
The overall Lagrangian of the cosmological model under consideration is given by equation (79) with the La-
grangian of the background matter consisting of two non-directly interacting pieces
LM = Lm +Lq , (145)
where Lm is the Lagrangian of dark matter, and Lq is the Lagrangian of dark energy. The Lagrangian of the baryonic
matter perturbation is LP. We describe the specific structure of the Lagrangians in next sections.
5.1. The Lagrangian of dark matter
Dark matter is modelled as an ideal fluid that is characterized by four thermodynamic variables [72]: the rest-mass
density ρm, the specific internal energy per unit mass Πm, pressure pm, and entropy per unit mass sm, where the sub-
index ’m’ stands for the dark matter. We shall assume that the entropy of the ideal fluid remains constant, sm = 0,
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and dissipative processes are neglected (isentropic motion). This assumption can be relaxed by adding some other
thermodynamic variables [91] but we do not discuss this extension in the present paper.
The total energy density of the ideal fluid is
ǫm = ρm(1 + Πm) . (146)
A physically meaningful thermodynamic variable is formed from the energy density, pressure and the rest-mass den-
sity. It is called the specific enthalpy of fluid, µm, and defined as [72]
µm ≡ ǫm + pm
ρm
= 1 + Πm +
pm
ρm
. (147)
We shall consider a barotropic fluid which thermodynamic equation of state is given by equation pm = pm(ρm,Πm),
where the specific internal energyΠm is related to pressure and the rest-mass density by the first law of thermodynam-
ics
dΠm + pmd
(
1
ρm
)
= 0 . (148)
This equation along with the definition of the specific enthalpy and the energy density given above, allow us to derive
the following differential relations
dpm = ρmdµm , (149)
dǫm = µmdρm . (150)
which immediately tells us that the partial derivatives
∂pm
∂µm
= ρm , (151a)
∂ǫm
∂ρm
= µm . (151b)
Equations (151) elucidate that all thermodynamic quantities are functions of only one thermodynamic variable. For
the reasons which are explained below, we accept that this variable is the specific enthalpy µm. The equation of state,
relating pressure and the energy density, becomes pm = pm(ǫm), and it is also an implicit, single-valued function of
the thermodynamic variable µm because ǫm = ǫm(µm).
Partial derivatives of the thermodynamic quantities with respect to µm can be calculated by making use of (149),
(150), the equation of state pm = pm(ǫm), and definition of the (adiabatic) speed of sound cs propagating in the fluid
∂pm
∂ǫm
=
c2s
c2
, (152)
where the partial derivative is taken under a condition that the entropy, sm, does not change. Notice that the speed of
sound in dark matter is not constant in the most general case of a non-linear equation of state. In this case, the speed
of sound depends on the thermodynamic potential µm through the equation of state, that is cs = cs(µs). It is also worth
emphasizing that the speed-of-sound-defining equation (152) is valid for any wavelength of sound waves in the ideal
fluid, not only for short wavelengths. In cosmology, the equation of state of dark matter is postulated as having the
following form
pm = wmǫm , (153)
where wm is an implicit function of the specific enthalpy, wm = wm(µm). Taking a partial derivative from both sides of
equation (153) with respect to µm and making use of (152) yield
∂wm
∂µm
= −c
2
c2s
wm − c2s/c2
1 + Πm
, (154)
which is naturally reduced to wm = c2s/c2 in case of the constant parameter wm of the cosmological equation of state.
However, in more general cosmological studies wm is not constant and changes as the universe evolves.
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Other partial derivatives of the thermodynamic quantities can be calculated with the help of the equation of state
and (151), (152) which can be inverted, if necessary, because all thermodynamic relations in the ideal fluid are single-
valued. We have, for example,
∂ǫm
∂µm
=
c2
c2s
ρm ,
∂ρm
∂µm
=
c2
c2s
ρm
µm
, (155)
where all partial derivatives are performed under the same condition of the constant entropy.
Theoretical description of the ideal fluid as a dynamic field system evolving on space-time manifold is given the
most conveniently in terms of the Clebsch scalar potential [92, 93],Φwhich is also known either as a velocity potential
or the Taub potential [91]. The Clebsch potential is a scalar function on spacetime manifold which can be taken as an
independent dynamic variable characterizing dynamic evolution of the ideal fluid. This description is complimentary
(dual) to the Lagrangian formulation of the ideal fluid based on the coordinates and four-velocity of the fluid particles
[19, 94, 95] which is more familiar in the field of cosmology. Nonetheless, the description of the ideal fluid (dark
matter) in terms of the Clebsch vector field Φ and its derivative Φ|α considered as independent dynamic variables,
makes it very similar to the description of dark energy also given in terms of (another) scalar field. It allows us to
consider physical effects of dark matter and dark energy on the same fundamental level of the Lagrangian formalism.
It seems the first researcher who realized the advantages of using the Clebsch potential description of the ideal fluid
in cosmology, was V. N. Lukash [96].
In the case of a single-component fluid the Clebsch potential Φ is introduced by the following relationship
µmwα = −Φα , (156)
where wα = dxα/dτ is the four-velocity of the fluid, wα = gαβwβ, τ is the proper time of the fluid element taken
along its world line, and we denote Φα ≡ Φ,α = Φ|α from now on. This type of representation of fluid’s velocity has
been introduced by A. Clebsch [97]. Equation (156) solves the relativistic Euler equation of motion of the ideal fluid
which justifies the connection between the specific enthalpy, four-velocity and the Clebsch potentialΦα [92, 95]. The
four-velocity is normalized, gαβwαwβ = −1, so that the specific enthalpy can be expressed in terms of the the metric
tensor and the derivative from the Clebsch potential,
µm =
√
−gαβΦαΦβ . (157)
One may also notice that the normalization condition for the four-velocity allows us to re-write (156) in the following
form,
µm = w
αΦα . (158)
The Clebsch potential Φ has no direct physical meaning as it can be changed to another value: Φ → Φ′ = Φ + ˜Φ
such that the gauge function, ˜Φ, is constant along the worldlines of the fluid in the sense that wα ˜Φα = 0. This gauge
transformation of the Clebsch potential does not change the value of the specific enthalpy µm.
The Lagrangian of the ideal fluid is usually taken in the form of the total energy density,Lm = √−gǫm [92, 94, 95].
However, this form of the Lagrangian implicitly assumes that the equation of continuity is valid and has been used
as a constraint in the form of the Lagrange multiplier [98] so that the rest mass density ρm of the fluid is solely an
explicit function of the metric tensor gαβ. The equation of continuity is used, then, to derive the variational derivative
of the rest mass density of the fluid [19, 94, 95]. This way, however, becomes coordinate dependent as it relies upon
using coordinates and velocities of the fluid particles for doing variational analysis. It prevents us from making use of
the full power of the dynamic field theory on the manifolds because coordinates and velocities are not field variables.
An attempt to use the fluid density ρm as a dynamic variable is not satisfactory because ρm has no a corresponding
conjugated counterpart as contrasted to the Clebsch potential, Φ, and its derivative, Φ|α, which are truly independent
pair of canonically-conjugated dynamic variables on manifold. We avoid the approach based on the Lagrangian
Lm = √−gǫm by taking the Lagrangian of the ideal fluid in the form of pressure, Lm = −√−gpm, and demand that
thermodynamic equations like (151a), (151b) are valid. This allows us to treat all thermodynamic quantities entering
the Lagrangian as single-valued explicit functions of the specific enthalpy µm. Any dependence on the metric tensor
in this treatment of the ideal fluid is only through the specific enthalpy as given in (157). The equation of continuity
is not a priory imposed on the dynamic system but is a consequence of the Euler-Lagrange equation for the Clebsch
potential Φ considered as a dynamic variable (more details in [14, pp. 334-336]).
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The Lagrangian in the form of pressure differs from the Lagrangian in the form of energy by a total divergence
[14, pp. 334-335 ]. The Lagrangian of the ideal fluid in the form of pressure is
Lm = √−g (ǫm − ρmµm) , (159)
where ǫm = ǫm(µm) and ρm = ρm(µm) are functions of the specific enthalpy µm =
√−gαβΦαΦβ. It is important to
notice that the Lagrangian of dark matter is a singled-valued function of µm and depends only on the derivativeΦα of
the Clebsch potential. There is no explicit dependence on the field Φ whatsoever. It could appear if the ideal fluid had
some special kind of potential interaction between the fluid’s particles like in plasma which is not electrically neutral.
However, we exclude such type of fluids from further consideration.
The metrical stress-energy tensor of the ideal fluid is obtained by taking a variational derivative of the Lagrangian
(159) with respect to the metric tensor,
T mαβ =
2√−g
δLm
δgαβ
. (160)
In our field-theoretical description of the ideal fluid the metric tensor enters all thermodynamic quantities only through
the specific enthalpy in the form of equation (157). Therefore, taking the variational derivative in (160) with respect
to the metric tensor can be done with the help of the chain rule
δLm
δgαβ
=
∂Lm
∂µm
δµm
δgαβ
, (161)
where the variational derivative from µm is given in (A17) of Appendix A.2.1. Calculation shows that the stress-energy
tensor (160) is as follows,
T mαβ = (ǫm + pm) wαwβ + pmgαβ , (162)
which is just the standard form of the stress-energy tensor of the ideal fluid [19, 75]. Many studies in cosmology and
general relativity take the stress-energy tensor (162) as a starting point. However, the dynamic field theory discloses
that there is more deep underlying structure - the Clebsch potential which drastically simplifies theoretical analysis of
hydrodynamic behaviour of the ideal fluid.
5.2. The Lagrangian of dark energy
The Lagrangian of dark energy is taken in the form of a quintessence of a scalar field Ψ [3, 84]
Lq = √−g
(
1
2
gαβΨαΨβ +W
)
, (163)
where W ≡ W (Ψ) is the scalar field potential, and we denote the partial derivative of the field, Ψα ≡ Ψ,α = Ψ|α
from now on. We assume that there is no direct coupling between the Lagrangian of dark energy and that of dark
matter. They interact only indirectly through the gravitational field. Many various forms of the potential W are used
in cosmology [5, 84] but at the present paper we do not need to specify it further on, and keep it arbitrary. The scalar
field Ψ does not admit the gauge transformation like that of the Clebsch potential Φ for the ideal fluid. The reason is
that the quintessence scalar field has a potential W(Ψ) which is not gauge invariant. This makes the true scalar field
different from the Clebsch potential.
The metrical stress-energy tensor of the scalar field is obtained by taking a variational derivative
T q
αβ
=
2√−g
δLq
δgαβ
, (164)
that yields
T q
αβ
= ΨαΨβ − gαβ
[1
2
gµνΨµΨν + W(Ψ)
]
. (165)
We can formally reduce tensor (165) to the form being similar to that of the ideal fluid by making use of the following
procedure. First, we define the analogue of the specific enthalpy of the quintessence ”fluid”
µq =
√
−gαβΨαΨβ , (166)
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and the effective four-velocity, vα, of the ”fluid”
µqvα = −Ψα . (167)
The four-velocity vα is normalized to gαβvαvβ = −1. Therefore, the scalar field enthalpy µq can be expressed in terms
of the partial derivative from the scalar field
µq = v
αΨα . (168)
We introduce the analogue of the rest mass density ρq of the quintessence ”fluid” by identification,
ρq = µq . (169)
As a consequence of the above definitions, the energy density, ǫq and pressure pq of the quintessence ”fluid” can be
introduced as follows
ǫq ≡ −12g
αβΨαΨβ +W(Ψ) = 12ρqµq +W(Ψ) , (170)
pq ≡ −12g
αβΨαΨβ −W(Ψ) = 12ρqµq −W(Ψ) . (171)
We notice that relation
µq =
ǫq + pq
ρq
, (172)
between the specific enthalpy µq, density ρq, pressure pq and the energy density, ǫq, of the scalar field ”fluid” formally
holds on the same form (147) as in the case of the barotropic ideal fluid.
After substituting the above-given definitions of various “thermodynamic” quantities into equation (165), it for-
mally reduces to the stress-energy tensor of an ideal “fluid”
T q
αβ
=
(
ǫq + pq
)
vαvβ + pqgαβ . (173)
It is worth emphasizing that the analogy between the stress-energy tensor (173) of the scalar field ”fluid” with that
of the barotropic ideal fluid (162) is rather formal since the scalar field, in the most general case, does not satisfy all
required thermodynamic equations because of the presence of the potential W = W(Ψ) in the energy density ǫq, and
pressure pq of the scalar field. The dark energy in the form of quintessence is physically different from dark matter in
the form of the ideal fluid! In particular, the “speed of sound” of the quintessence “fluid” is always equal to the speed
of light c independently of the equation of state of the quintessence, pq = wqǫq, where parameter
wq =
1
2
ρqµq −W(Ψ)
1
2
ρqµq +W(Ψ)
, (174)
and it can take the values in the range from −1 to +1 depending on how large is the kinetic energy of the scalar field
as compared to its potential energy W [84].
5.3. The Lagrangian of baryonic matter
The Lagrangian LP of the baryonic matter represents a bare perturbation of the cosmological manifold. It enters
the total Lagrangian (79) and can be chosen in accordance with the specific problem we want to solve. We keep it
unspecified as long as the theory permit. We assume that the baryonic matter of the bare perturbation is described by
dynamic fields ΘB which geometric nature depends on the type of the baryonic matter. In what follows, we shall omit
index B from the baryonic fields to simplify notations as it does not lead to confusion. Metrical stress-energy tensor of
the baryonic matter, Tαβ, has been defined in terms of the variational derivative in (117). Tensor Tαβ is a source of the
bare gravitational perturbation of the background manifold which generates the small-scale structures in the universe.
A particularly familiar form of the stress-energy tensor of the baryonic matter is given by that of the ideal fluid
Tαβ = (ǫ + p) uαuβ + pgαβ , (175)
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where ǫ, p are the energy density and pressure of the fluid comprising the bare perturbation, and uα is its four-velocity
normalized to gαβuαuβ = −1. It is worth emphasizing that the four-velocity uα of the baryonic matter has a peculiar
component and differs from the velocity of the Hubble flow (see below). Notice that the stress-energy tensor Tµν of
the baryonic matter defined in (114), is not fully identical with Tµν. We have derived relation between the two tensors
in (121) and (122).
5.4. Background manifold
All geometric objects on background cosmological manifold ¯M will be denoted with a bar over the object. The
FLRW metric on the background manifold is given in (67). It is convenient to introduce global isotropic coordinates
Xα = (X0, Xi) by changing the cosmic time T to the conformal time η ≡ X0 via differential equation dT = a(η)dη,
where a cosmological scale factor a(η) ≡ R[T (η)]. The FLRW metric tensor in the isotropic coordinates reads [4]
g¯µν = a2(η)fµν (176)
where fµν = (−1, fi j), and
fi j =
(
1 + 1
4
kr2
)−2
δi j , (177)
depends on the curvature of the spatial hypersurfaces, k = {−1, 0,+1}. In case, k = 0, the metric fµν is reduced to the
Minkowski metric, ηµν so that the physical metric gµν is confromally-flat. In fact, FLRW metric gµν is conformally-flat
in any case but the conformal factor is not reduced to a(η) but is given a more complicated function of time and space.
This question is discussed in more detail in an excellent article by M. Ibison [99]. Congruence of world lines of
freely-falling particles which have constant spatial coordinates makes up the Hubble flow. Four-velocity of each such
a particle in the isotropic coordinates is ¯Uα = dXα/dT = (a−1, 0, 0, 0).
Due to the maximal symmetry of FLRW spacetime, all background geometric objects (like the metric, the affine
connection, etc.) when expressed in the isotropic coordinates, depend only on time X0 = η but do not depend on
spatial coordinates Xi. Nonetheless, we can, and will, use arbitrary coordinates xα = (x0, xi) on the manifold which
are connected to the isotropic coordinates Xα by diffeomorphism xα = xα(Xβ). Partial coordinate derivative of a
background geometric object, ¯F = ¯F (η), in the arbitrary coordinates is given by
¯F,α = −
¯F ′
a
u¯α = − ˙¯F u¯α , (178)
where u¯α is four-velocity of the Hubble flow in the arbitrary coordinates, ¯F ′ = d ¯F /dη, and ˙¯F ≡ d ¯F /dT . Equation
(178) applied to the scale factor, yields a,α = −a˙u¯α = −H u¯α, and the partial derivative from the conformal Hubble
parameterH,α = − ˙H u¯α. These expressions for the partial derivatives are very useful in calculations.
Einstein’s field equations on the background cosmological manifold with FLRW metric are given by (73)-(75).
After substitution FLRW metric to these equations they yield two Friedmann equations describing the temporal evo-
lution of the scale factor a,
H2 =
8π
3 ǫ¯ −
k
a2
, (179)
2 ˙H + 3H2 = −8π p¯ − k
a2
(180)
where ǫ¯ and p¯ are the effective energy density, ǫ¯ = ǫ¯m + ǫ¯q, and pressure, p¯ = p¯m + p¯q, of the background dark matter
and dark energy. A consequence of the Friedmann equations (179), (180) is equation
˙H = −4π (ǫ¯ + p¯) + k
a2
, (181)
that relates the time derivative of the Hubble parameter to the sum of the overall energy density and pressure of dark
matter and dark energy
ǫ¯ + p¯ = ρ¯mµ¯m + ρ¯qµ¯q . (182)
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Equation of continuity for the rest mass density ρ¯m of the background dark matter is given by (72) where we have
to make a replacement, LM → Lm and ¯ΦA → ¯Φ for the background value of the Clebsch potential. The equation
reads
(ρ¯mu¯α)|α = 0 , (183)
that is equivalent to
ρ¯m|α − 3Hρ¯mu¯α = 0 . (184)
The background equation of the conservation of the energy density ǫm of dark matter is derived from its definition
(146), the law of conservation of thermal energy (148), and the continuity equation (184). It yields,
ǫ¯m|α − 3H (ǫ¯m + p¯m) u¯α = 0 . (185)
Background equation for the evolution of the dark energy is also given by the Euler-Lagrange equation (72) after
replacementsLM → Lq and ¯ΦA → ¯Ψ. It reads
g¯αβ ¯Ψ|αβ − ∂
¯W
∂ ¯Ψ
= 0 . (186)
After making use of definition of the background specific enthalpy of the scalar field µ¯q ≡ u¯α ¯Ψ|α, an equality µ¯q = ρ¯q,
and definition (170) of the specific energy ǫ¯q of the scalar field, equation (186) can be recast to
ǫ¯q|α − 3H
(
ǫ¯q + p¯q
)
u¯α = 0 , (187)
that is completely similar to the hydrodynamic equation (185) of conservation of the energy density of dark matter.
Because of this similarity, the second Friedmann equation (180) is not really independent, and can be derived directly
from the first Friedmann equation (179) by taking a time derivative and applying the energy conservation equations
(185) and (187) to simplify the result.
Equation of continuity for the density of dark energy, ρ¯q, is obtained by differentiating definition (169) of ρ¯q, and
making use of (186). It yields (
ρ¯qu¯
α
)
|α = −
∂ ¯W
∂ ¯Ψ
, (188)
or, equivalently,
ρ¯q|α − 3Hρ¯qu¯α = ∂
¯W
∂ ¯Ψ
u¯α , (189)
which shows that the density ρ¯q is not conserved. This fact again points out that the similarity of the scalar field and
an ideal fluid is not complete. Dark energy is not thermodynamically equivalent to dark matter. Only if the scalar field
¯Ψ is potential-free, the quintessence can be treated as an ideal fluid. We should emphasize that non-conservation of
the density ρ¯q does not violate any physical law since (189) is simply another way of writing the evolution equation
(186) for dark energy.
5.5. Perturbations of the dynamic variables
In the present paper, FLRW background manifold is defined by the metric g¯αβ which dynamics is governed by the
two scalar fields - the Clebsch potential ¯Φ of dark matter and the scalar field ¯Ψ of dark energy. We assume that the
background metric and the fields are perturbed intrinsically (the primordial perturbations) and extrinsically (the bare
perturbations) by the presence of baryonic matter described by the field Θ. The perturbed metric and the matter fields
can be split in their background values and the corresponding perturbations,
gαβ = g¯αβ + hαβ , Φ = ¯Φ + φ , Ψ = ¯Ψ + ψ . (190)
These equations are exact. Equation for the perturbation of the metric tensor
gαβ = g¯αβ + καβ (191)
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will be also treated as exact. Corresponding perturbation of the contravariant component of the metric is not indepen-
dent and is determined from the isomorphism gαγgγβ = g¯αγg¯γβ = δβα, yielding
gαβ = g¯αβ − καβ + καγκγβ + . . . , (192)
where the ellipses denote terms of the higher order.
We consider perturbation of the metric - καβ, that of the potential of dark matter - φ, and that of the potential of
dark energy - ψ as weak with respect to their corresponding background values g¯αβ, ¯Φ, and ¯Ψ, which dynamics is
governed by equations that have been explained in section 5.4. Perturbations καβ, φ, and ψ have the same order of
magnitude as Θ. Calculations also prompt us to single out
√−g¯ from hαβ, and operate with a variable
lαβ ≡ h
αβ
√−g¯ . (193)
Tensor indices of the metric tensor perturbations, lαβ, hαβ, etc., are raised and lowered with the help of the background
metric, for example, lαβ ≡ g¯αµg¯βνlµν. The field variable lαβ relates to the perturbation καβ of the metric tensor as
follows
lαβ = −καβ + 1
2
g¯αβκ + κγακβγ − 12κ
αβ
κ − 1
4
g¯αβ
(
κ
µν
κµν − 12κ
2
)
+ . . . , (194)
where κ ≡ κσσ = g¯ρσκρσ, and ellipses denote terms of the higher orders in καβ.
Perturbations of four-velocities, wα and vα, entering definitions of the stress-energy tensors (162), (173), are fully
determined by the perturbations of the metric and the potentials of dark matter and dark energy. Indeed, according to
definitions (156) and (167) the four-velocities are defined by the following equations
wα = −Φα
µm
, vα = −Ψα
µq
. (195)
where µm and µq are given by (157) and (166) respectively. We define perturbations δwα and δvα of the covariant
components of the four-velocities as follows
wα = u¯α + δwα , vα = u¯α + δvα , (196)
where the unperturbed values of the four-velocities coincide and are equal to the four-velocity of the Hubble flow due
to the requirement of the homogeneity and isotropy of the background FLRW spacetime, that is w¯α = v¯α = u¯α. Hence,
we have
u¯α = −
¯Φα
µ¯m
, u¯α = −
¯Ψα
µ¯q
. (197)
Making use of (195) and (197) in the left side of definitions (195), and expanding its right side by making use
of expansions (191) and (192), yield relation between the four-velocity perturbations and the perturbations of the
dynamic field variables
δwα = − 1
µ¯m
¯Pβαφβ − 12qu¯α , δvα = −
1
µ¯q
¯Pβαψβ − 12qu¯α , (198)
where φβ ≡ φ|β, ψβ ≡ ψ|β, ¯Pαβ =≡ g¯αβ + u¯αu¯β is a projector tensor onto the hypersurface orthogonal to the Hubble
flow, and
q ≡ −u¯αu¯βκαβ = u¯αu¯βlαβ + l2 , (199)
is a scalar-type projection of the metric tensor perturbation on the Hubble flow (l ≡ g¯αβlαβ). Equations (198) are valid
in linear approximations. Higher-order corrections can be obtained by the same procedure by keeping more terms in
the expansions.
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5.6. Field equations
5.6.1. Gravitational field
Field equations for metric tensor perturbation are given by the Euler-Lagrange equations (103) where FGµν is given
by exact expression (110), and operator FMµν is a linear superposition of two pieces
FMµν = F
m
µν + F
q
µν , (200)
corresponding to dark matter (index ’m’) and dark energy (index ’q’). These pieces are defined in accordance with
(106) that is
Fmµν ≡ −
16π√−g¯
δ
δg¯µν
(
hρσ
δ ¯Lm
δg¯ρσ
+ φ
δ ¯Lm
δ ¯Φ
)
, (201)
Fqµν ≡ −
16π√−g¯
δ
δg¯µν
(
hρσ
δ ¯Lq
δg¯ρσ
+ ψ
δ ¯Lq
δ ¯Ψ
)
. (202)
Calculation of variational derivatives from various functions entering Lm and Lq is straightforward and follows from
their definitions, the chain rule (58), and a set of variational derivatives from thermodynamic quantities given in
Appendix A.2.
Making use of the Lagrangian’s definitions (159) and (163) taken on the background manifold and calculating
variational derivatives in (201), (202), we obtain
Fmµν = −4π( p¯m − ǫ¯m)lµν + 8πρ¯m
(
u¯µφν + u¯νφµ − g¯µνu¯αφα
)
(203)
+8πρ¯m
(
1 − c
2
c2s
) (
u¯αφα − 12 µ¯mq
)
u¯µu¯ν ,
Fqµν = −4π
(
pq − ǫq
)
lµν + 8πρ¯q
(
u¯µψν + u¯νψµ − g¯µνu¯αψα
)
+ 8πg¯µν
∂ ¯W
∂ ¯Ψ
ψ , (204)
where ρ¯q = µq ≡ ˙¯Ψ/a in accordance with definition (169) projected on the background manifold. The dark energy
potential function, ¯W = ¯W( ¯Ψ), is arbitrary. We emphasize that expressions (203), (204) are exact.
Substituting (203), (204) along with (110) to the left side of (103) yields the field equations for gravitational
perturbations lαβ in a covariant form [53, Eq. 161]
lµν |α |α + g¯µνAα |α − 2A(µ|ν) − 2 ¯Rα(µlν)α − 2 ¯Rµαβνlαβ + 2
(
Fmµν + F
q
µν
)
= 16πΛµν , (205)
where Aα ≡ lαβ |β is the gauge vector function. This form of the field equation for gravitational perturbation lαβ of
the background FLRW manifold is exact, gauge-invariant and covariant. The left side of (205) contains only linear
terms while all quadratic, cubic, etc. perturbations are included in its right side to Λµν which also contains the stress-
energy tensor Tµν of the baryonic matter (the bare perturbation). The linear operator in the left side of (205) is rather
complicated but it can be significantly simplified by choosing a gauge condition imposed on the variable Aα ≡ lαβ |β in
the following form [53]
Aα = −2Hlαβu¯β + 16π
(
ρ¯mφ + ρ¯qψ
)
u¯α . (206)
This gauge condition is analogous to the de Donder (harmonic) gauge condition that is frequently used in the approxi-
mation schemes of solving Einstein’s equations in asymptotically flat spacetime [14, 18]. Equation (206) extrapolates
the harmonic gauge condition to the realm of cosmological FLRW spacetime.
This gauge condition (206) cancels a large number of terms in the field equations (205) and allows us to decouple
the field equations for different components of the metric tensor perturbation, lαβ. Picking up the isotropic coordinates
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of the Hubble observers we bring the gravity field equations to the following form [53]
q + 2Hq,0 + 4kq − 4π
(
1 − c
2
c2s
)
ρ¯mµ¯mq = 8π (Λ00 + Λkk) − 8πaρ¯m
(
1 − c
2
c2s
)
φ0 − (207a)
16πa2∂
¯W
∂ ¯Ψ
ψ + 32πaH
(
ρ¯mφ + ρ¯qψ
)
,
l0i + 2Hl0i,0 + 2kl0i = 16πΛ0i , (207b)
l<i j> + 2Hl<i j>,0 + 2
(
˙H − k
)
l<i j> = 16πΛ<i j> , (207c)
l + 2Hl,0 + 2
(
˙H + 2k
)
l = 16πΛkk . (207d)
where we denoted the wave operators q ≡ fµνg;µν and lµν ≡ ¯fαβlµν;αβ. Other notations in (207) are φ0 ≡ φ,0,
q ≡ (l00 + lkk) /2, l ≡ lkk = l11 + l22 + l33, l<i j> = li j − (1/3)δi jl, and the same index notations are applied to the effective
stress-energy tensor Λkk = Λ11 + Λ22 + Λ33, Λ<i j> = Λi j − (1/3)δi jΛkk.
Solution of the linearised gravitational field equation (205) (and (207)) consists of two parts - a general solution,
lHµν, of homogeneous equation (205) with the source Λµν = 0, and a particular solution, lPµν of inhomogeneous equation
(205) with the source Λµν , 0. They form a linear superposition
lµν = lHµν + lPµν , (208)
which is crucial for understanding the physical effects of cosmological perturbations. The homogeneous solution,
lHµν, is not trivial but associated with the primordial cosmological perturbations originating at the Big Bang [4, 5].
This perturbation dominates on the horizon and super-horizon scales, and its gauge-invariant scalar part (which exact
definition and equations are given in [53, section 7]) evolves over time to form the large-scale structure of the universe
governed by dark matter. The tensor part of the homogeneous solution represents relic gravitational waves. The
particular solution, lPµν, represents gravitational perturbations produced by the small-scale structures in the universe
consisting of baryonic matter. We notice that lHµν and lPµν correspond to the long wavelength and short wavelength
perturbations introduced by Green and Wald [45], and denoted in their paper as γ(L)µν and h(S )µν respectively (see [45,
eq. 70]). In what follows, we operate with a single value of the perturbation lµν without substituting the explicit
decomposition (208) into subsequent formulas as it was not a primary goal of the present paper. Decomposition (208)
is required for discussion the problem of averaging, back-reaction and precise definition of the Newtonian limit in
cosmology [45, 46].
5.6.2. Dark matter
Evolution of dark matter perturbation is described by the perturbation φ of the Clebsch potential. Equation for φ
is derived from a general equation (130) is, in case of dark matter, reads
FmΦ = 8πΣ
m . (209)
where all terms can now be explicitly written down because the Lagrangian of dark matter is fully determined by
(159). The linear differential operator Fm
Φ
is derived from (133) which is split in two independent parts for dark matter
and dark energy. The dark matter part reads
FmΦ ≡ −
8π√−g¯
δ
δ ¯Φ
(
hρσ ¯T mρσ −
1
2
h ¯T m +
√
−g¯φ ¯Im
)
, (210)
where
¯Im ≡ 2 (ρ¯mu¯α)|α . (211)
The source density in the right side of (209) represent contribution of non-linear perturbations
Σm ≡ 2√−g¯
δLdyn
δ ¯Φ
, (212)
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and we shall calculate it explicitly in section 7.2.2. Notice that because of the non-linearity the source term, Σm,
depends not only on the dark matter variables but on the dynamic variables describing the gravitational and dark
energy perturbations as well.
Calculation of the variational derivative in (210) requires taking the variational derivative from various thermo-
dynamic quantities like the energy density ǫm, pressure pm, etc. with respect to the background value of the Clebsch
potential ¯Φ. All of them are functions of the specific enthalpy µm which, in its own turn, depends only on the deriva-
tives Φα of the potential. As an example, let us consider the density of the ideal fluid ρ¯m = ρ¯ (µ¯m). We have
δρm
δ ¯Φ
= − ∂
∂xα
∂ρm
∂ ¯Φα
= − ∂
∂xα
(
∂ρm
∂µ¯m
∂µm
∂ ¯Φα
)
, (213)
where the partial derivative of the density with respect to the specific enthalpy is calculated with the help of (155) by
making use of equation of state of the ideal fluid, and the partial derivative
∂µm
∂ ¯Φα
= u¯α , (214)
as follows from the definition of µm. The same procedure is applied for calculation of the variational derivative from
other thermodynamic quantities. The variational derivative from the Hubble four-velocity u¯α is calculated from the
relation, µ¯mu¯α = − ¯Φα, between the specific enthalpy, four-velocity and the gradient of the Clebsch potential. All
variational derivatives that enter the calculation are given in Appendix A.3.1 of the present paper. Finally, we come to
the following result,
FmΦ ≡ 8πYα |α , (215)
where the vector field
Yα ≡ ρ¯m
µ¯m
φα − ρ¯mlαβu¯β +
(
1 − c
2
c2s
) (
ρ¯m
µ¯m
u¯βφβ − 12 ρ¯mq
)
u¯α . (216)
It shows that in the linear approximation of the dynamic perturbation theory, where Σm = 0, the current
√−g¯Yα is
conserved.
Taking covariant derivative in (215) brings about the field equations for φ
φαα − µmAαu¯α − 4µ¯mH (4q − l) +
(
1 − c
2
c2s
) (
u¯αu¯βφαβ − 12 µ¯mu¯
αqα
)
(217)
−3Hµ¯m
∂ ln c2s
∂µ¯m
(
u¯αφα − 12 µ¯mq
)
= Σm ,
where φαα ≡ φ|α |α, qα ≡ q|α, and the very last term accounts for the fact that the speed of sound is not constant
in inhomogeneous medium - the effect which is important for a more adequate treatment of precise cosmological
observations. Indeed, the speed of sound, cs, relates to other thermodynamic quantities by equation of state making
the speed of sound a function of the specific enthalpy, cs = cs(µ¯m). Covariant derivative from the speed of sound is
cs|α = (∂cs/∂µ¯m) µ¯m|α, where the covariant derivative µ¯m|α = (∂µ¯m/∂ρ¯m) ρ¯m|α and, according to equation of continuity,
ρ¯m|α = 3Hρ¯mu¯α. It yields (
1 − c
2
c2s
)
|α
= 3Hµ¯m
∂ ln c2s
∂µ¯m
u¯α , (218)
that explains how the last term in (217) originates from (215), (216).
After imposing the gauge condition (206), the covariant equation (217) is reduced to
φαα + 16πµ¯m
(
ρ¯mφ + ρ¯qψ
)
− 2µ¯mHq +
(
1 − c
2
c2s
) (
u¯αu¯βφαβ − 12 µ¯mu¯
αqα
)
(219)
−3Hµ¯m
∂ ln c2s
∂µ¯m
(
u¯βφβ − 12 µ¯mq
)
= Σm ,
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which is linearly coupled to the dynamic perturbation, ψ, of dark energy besides of coupling with gravitational field
perturbation lαβ. Equation (219) is to be solved by iterations starting from equating the right side of it, Σm = 0, and
solving for φ, which is used then for calculation of Σm, and solving (219) again, and so on. Since equation (219) is
linearly coupled with ψ, we will need equation for the dark energy perturbation.
We should underline that the field equation (219) for the perturbations of the dark matter is nothing else but the
covariant form of equation for the sound waves propagating through the substance of the background dark matter, ¯M,
with the speed of sound cs. Indeed, in the isotropic coordinates xα = (η, xi), the operator
φαα +
(
1 − c
2
c2s
)
u¯αu¯βφαβ =
1
a2
(
− 1
c2s
∂2φ
∂η2
+ fi j
∂2φ
∂xi∂x j
)
, (220)
which is a wave operator describing propagation of the perturbations of dark matter with the speed of sound. We also
notice that the wave equation (219) is homogeneous in linearised order of approximation in which the source Σm can
be neglected because it is quadratic with respect to perturbations. It means that solution of the linearised equation
(219) corresponds only to the primordial excitations of the sound waves in dark matter. Baryonic matter (stress-energy
tensor of the bare perturbation) cannot produce any direct perturbation of the background distribution of dark matter
in the linearised approximation.
5.6.3. Dark energy
Calculation of the field equation for dark energy perturbation,ψ, follows the similar path like we did in the previous
subsection 5.6.2. The field equations follow from (130), and they are
Fq
Ψ
= 8πΣq , (221)
where Fq
Ψ
and Σq are determined by the variational derivatives from the Lagrangian of dark energy (163) and the
dynamic Lagrangian (97) respectively. The linear operator Fq
Ψ
is calculated by substituting the Lagrangian (163) into
(133) which yields
Fq
Ψ
≡ − 8π√−g¯
δ
δ ¯Ψ
(
hρσ ¯T qρσ −
1
2
h ¯T q +
√
−g¯ψ ¯Iq
)
, (222)
where
¯Iq ≡ 2
[(
ρ¯qu¯
α
)
|α +
∂ ¯W
∂ ¯Ψ
]
. (223)
The source density
Σq ≡ 2√−g¯
δLdyn
δ ¯Ψ
, (224)
and we shall calculate it explicitly in section 7.2.3.
According to equation (163), the Lagrangian density of the scalar field Lq depends on both the field Ψ and its first
derivative, Ψα. For this reason, unlike the operator Fm, the differential operator Fq is not reduced to the covariant
divergence from a vector field as the partial derivative of the Lagrangian Lq with respect to Ψ does not vanish. We
have
Fq
Ψ
≡ 8π
(
Zα |α − l2
∂ ¯W
∂ ¯Ψ
− ψ∂
2
¯W
∂ ¯Ψ2
)
(225)
where l ≡ g¯αβlαβ, and vector field
Zα ≡ ψα − ρ¯qlαβu¯β , (226)
where we have used equation ¯Ψα = −u¯β ¯Ψβu¯α = −ρ¯qu¯α. The current Zα is not conserved unlike Yα for the dark matter.
Taking covariant derivative in (225) and making use of the gauge condition (206) yield the field equations for ψ
ψαα + 16πµ¯m
(
ρ¯mφ + ρ¯qψ
)
−
(
2µ¯qH +
∂ ¯W
∂ ¯Ψ
)
q − ∂
2
¯W
∂ ¯Ψ2
ψ = Σq , (227)
38
S. M. Kopeikin and A. N. Petrov / Annals of Physics 00 (2018) 1–62 39
where ψαα ≡ ψ|α |α, and we have use the equality ρ¯q = µ¯q. Equation (227) is to be solved by iterations starting from
equating the right side of it, Σq = 0, and solving for ψ, which is used then for calculation of Σq, and solving (227)
again, and so on. This procedure is going on along by simultaneously solving (219) for φ. Of course, before solving
equation (227) we have to specify the structure of the scalar potential ¯W.
Like in the case of dark matter, the wave equation (227) is homogeneous in linearised order of approximation in
which the source Σq can be neglected because it is quadratic with respect to perturbations. Hence, solution of the
linearised equation (227) corresponds only to the primordial excitations of the scalar field in dark energy. Baryonic
matter (stress-energy tensor of the bare perturbation) cannot produce any direct perturbation of dark energy in the
linearised approximation.
6. Stress-Energy Tensor of the Dynamic Field Perturbations
In order to solve the field equations (205) for the gravitational perturbations in the quadratic and higher order
approximations, we have to know the effective stress-energy tensor Λµν entering the right side of these equations. The
effective stress-energy tensorΛµν is defined as a variational derivative (104) taken from the effective Lagrangian (100).
According to (114), it consists of two parts – the stress-energy tensor of matter of the baryonic (bare) perturbation
Tµν, and the stress-energy tensor of the dynamic field perturbations, Tµν. We shall keep tensor Tµν unspecified as long
as theory permits and focus on calculation of Tµν which also consists of two parts, tµν and τµν, according to (123).
Tensor tµν is the stress-energy tensor of gravitational field perturbations (124). Tensor τµν is the stress-energy tensor
originating from the coupling of the background dark matter and dark energy perturbations to the gravitational field
perturbations. General formula for calculating τµν is given in (125). In case of FLRW universe gowerved by dark
matter and dark energy, tensor τµν is linearly split in two counterparts
ταβ = τ
m
αβ + τ
q
αβ
, (228)
where τmαβ and τ
q
αβ
describe contributions of dark matter and dark energy respectively. In this section we calculate
all the components of the effective stress-energy tensor in the quadratic approximation. Higher-order terms will be
published somewhere else.
6.1. Stress-energy tensor of gravitational field perturbations
Stress-energy tensor of gravitational perturbations, tµν, has a universal and unique presentation on any pseudo-
Riemannian manifold because it originates from a pure geometric part of the perturbed Hilbert Lagrangian. We begin
calculation of tµν from its definition which is given by (124) in the form of variational derivative from the following
scalar density
F G ≡ hρσFGρσ − (1/2)hFG , (229)
where the tensor FGρσ is given by (110), FG = g¯ρσFGρσ, hρσ =
√−g¯lρσ, h ≡ g¯ρσhρσ. We put together all terms entering
F G, and, then, employ the Leibniz rule to single out the total divergence from the products of two functions - the
metric tensor perturbation and its second derivative. It results in
F G = hρσ|λlλρ|σ − 12h
ρσ|λlρσ|λ +
1
4
h|λl|λ + div , (230)
where l ≡ g¯µνlµν, and div denote the terms which form a total divergence that vanishes upon taking a variational
derivative and, hence, can be discarded. For this reason, we drop it off from further calculation. Next step is to apply
the covariant definition (45) of variational derivative to (230) in definition (124) of tαβ which can be written as follows
16πtαβ =
1√−g¯ g¯αµg¯βν
δF G
δg¯µν
, (231)
that conforms with the lower (subscript) position of indices of the metric tensor entering in the denominator of defini-
tion (45) of variational derivative.
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It is worthwhile to remind the reader that perturbation hρσ is an independent variable which has been used in
derivation of (124). It means that the partial derivative
∂hαβ
∂g¯µν
= 0 . (232)
On the other hand, the covariant components of the gravitational perturbation, hαβ = g¯ακg¯βλhκλ, contain explicitly the
background metric tensor and, hence, cannot be considered as independent from it. Therefore, we have for the partial
derivatives
∂hαβ
∂g¯µν
=
∂g¯ακ
∂g¯µν
g¯βλhκλ +
∂g¯βλ
∂g¯µν
g¯ακhκλ = δ(µα hν)β + δ
(µ
β
hν)α . (233)
Let us consider now a functional dependence of the covariant derivative hαβ |λ on the metric tensor. We notice
that the perturbation hαβ is a tensor density of weight −1. Therefore, its covariant derivative has one more term as
compared with that of a tensor of a second rank. More specifically,
hαβ |κ = hαβ,κ + ¯Γασκhσβ + ¯Γβσκhσα − ¯Γσσκhαβ . (234)
It reveals that the derivative hαβ |κ depends merely on the Christoffel symbols and is independent of the metric tensor
g¯αβ. Hence, the partial derivative
∂hαβ |λ
∂g¯µν
= 0 . (235)
It agrees with our postulate that the metric tensor and the Christoffel symbols are true independent variables along with
the tensor density hαβ and its covariant derivative hαβ |λ. Equation (230) given in terms of the independent variables,
reads (with the divergence term discarded)
F G = g¯
κλg¯βρ√−g¯
(
g¯αλhρσ |κhαβ |σ − 12 g¯ασh
ρσ |κhαβ |λ +
1
4
g¯ασhασ |κhβρ|λ
)
, (236)
where we have discarded the total divergence.
Variational derivative in the form of (45) taken from (236) engages partial derivatives with respect to the back-
ground metric tensor, g¯µν, and those with respect to the background Christoffel symbols, ¯Γαβγ. The partial derivative
with respect to the metric tensor yields
1√−g¯
∂F G
∂g¯µν
= −1
2
g¯µν
(
lρσ|λlλρ|σ − 12 l
ρσ|λlρσ|λ +
1
4
l|λl|λ
)
(237)
−lµσ|ρlνσ|ρ + lµσ|ρlνρ|σ + 12 l
ρσ|µlρσ |ν +
1
2
lµν|σl|σ − 14 l
|µl|ν ,
where we have used (235). The partial derivative with respect to the Christoffel symbols taken from hρσ |κ is calculated
from its presentation in the form of (234) with the help of (51). It gives
∂hρσ |κ
∂ ¯Γαλγ
= δ
ρ
αδ
(λ
κ h
γ)σ + δσαδ
(λ
κ h
γ)ρ − δ(λα δγ)κ hρσ . (238)
After making use of this formula, the partial derivative of F G with respect to the Christoffel symbols results in
1√−g¯
∂F G
∂ ¯Γαµγ
= 2lργlµ(ρ|α) + 2lρµlγ (ρ|α) − 2lρα |(µlγ)ρ (239)
− 2δ(µα lγ)ρ|σlρσ + lα(γl|µ) + lρσlρσ |(µδγ)α −
1
2δ
(µ
α lγ)l .
40
S. M. Kopeikin and A. N. Petrov / Annals of Physics 00 (2018) 1–62 41
It allows us to calculate the linear combination of the partial derivatives entering definition of variational derivative
(45), namely,
−1
2
1√−g¯
(
g¯σν
∂F G
∂ ¯Γσµγ
+ g¯σµ
∂F G
∂ ¯Γσνγ
− g¯σγ ∂F
G
∂ ¯Γσµν
)
= 2lρ(µlν)ρ|γ − 2lγρ|(µlν)ρ − lργlµν|ρ − 12 l
µνl|γ (240)
+ g¯µν
(
lρσlγρ|σ − 12 l
ρσlρσ |γ +
1
4
ll|γ
)
.
After making use of (237) and (240) in expression (231) for variational derivative defined by the rule (45), the stress-
energy tensor of the gravitational field perturbations takes on the following form
16πtµν = −12 g¯µν
(
lρσ|γlγρ|σ − 12 l
ρσ|γlρσ|γ +
1
4
l|γl|γ
)
(241)
−lµσ|ρlνσ|ρ + lµσ|ρlνρ|σ + 12 lρσ|µl
ρσ |ν +
1
2
lµν|σl|σ − 14 l|µl|ν
+g¯µν
(
lρσlγρ|σ − 12 l
ρσlρσ |γ +
1
4
ll|γ
)
|γ
+
(
2lρ(µlν)ρ|γ − lνρlγρ |µ − lµρlγρ |ν − lγρlµν|ρ − 12 lµνl
|γ
)
|γ
.
It apparently depends on the second derivatives of the gravitational perturbation, lµν which is a consequence of our
covariant field-theoretical approach for description of perturbations of gravitational field [85, 100]. Most of alterna-
tive approaches to construct the stress-energy tensor of gravitational field perturbations without second derivatives
unavoidably make it non-covariant that is coordinate-dependent. For this reason such “tensors” of gravitational field
perturbations are commonly-known as pseudo-tensors [101]. Babak and Grishchuk [102, 103] proposed an interesting
method to constructing a tensor of gravitational field perturbations which does not include the second derivatives of
the field perturbations. The method requires an introduction of an additional (Lagrange multiplier) term to the grav-
itational field Lagrangian which is proportional to the Riemann tensor of the background manifold. This procedure
has been worked out in [102, 103] for the case of Minkowski-flat background. Further research should be conducted
to extend it to the case of an arbitrary curved background manifold.
Significant number of the second derivatives in expression (241) can be eliminated on-shell by making use of the
covariant field equation (205). To this end we write down the terms with the second covariant derivatives in (241) and
express the commutator of the second-order derivatives from the metric tensor perturbation in terms of the Riemann
tensor,
lαρ|σβ = lαρ|βσ − lγρ ¯Rαγσβ + lαγ ¯Rγρσβ . (242)
A useful consequence of this equation is a contraction with respect to index α which gives
lαρ|σα = Aρ|σ + lαρ ¯Rσα + lαγ ¯Rγρσα , (243)
where Aα ≡ lαβ |β, and Aα = g¯αβAβ. Straightforward but tedious rearrangement of the second-order derivatives from
the metric tensor perturbations with the help of (242), (243) allows us to put (241) into the following form
16πtµν = 2lµρ|σlν(ρ|σ) − lρσ |µlνρ|σ − lρσ |νlµρ|σ + 12 lρσ|µl
ρσ |ν − 14 l|µl|ν − l
ρσlµν|ρσ (244)
+
1
2
g¯µν
(
lρσ|γlγρ|σ − 12 l
ρσ|γlρσ|γ +
1
4
l|γl|γ
)
+ 2lρ(µAν)|ρ − lµνAρ|ρ − lµν|ρAρ
+8π
[
4lρ(µΘν)ρ − lµνΘ − g¯µν
(
lρσΘρσ − l2Θ
)]
+ 2lρµlσν ¯Rρσ + 2lαβlρ(µ ¯Rν)αβρ
where
Θαβ = Tαβ − 18π
(
Fmαβ + F
q
αβ
)
, (245)
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and the spur, Θ ≡ g¯αβΘαβ.
As we can see, most of the second-order derivatives from the metric tensor perturbations have vanished. The
remaining second-order derivatives remain as the very last term in the first line of (244)) and in the terms which
depend on the gauge function Aα in the second line of (244). On-shell expression (244) of the tensor of gravitational
field perturbations also depends on the Riemann (curvature) tensor of the background manifold. Had the background
manifold ¯M been flat such terms would not be present. The last but not least notice is that tµν includes on-shell
coupling of the gravitational field perturbations with the perturbations of the background matter as well as with the
bare perturbations. These terms are proportional to the terms with Θαβ which come from FGαβ because on shell,
FG
αβ
= Θαβ, due to the field equations (103).
We expressed the stress-energy tensor of gravitational field perturbations tµν in terms of the variable lαβ. It is
instructive to reformulate it in terms of the perturbation of the metric tensor, καβ, defined in (191) and related to lαβ
according to (194). Calculations are done in two steps. First, we replace all lαβ in (241) with καβ and retain only linear
terms in (194). Second step is to replace lαβ in the linear operator (110) with καβ by taking into account quadratic
terms in expansion (194). All quadratic terms with respect to καβ are combined together to produce the stress-energy
tensor of gravitational field perturbations expressed in terms of the dynamic variable καβ. This tensor coincides (up to
the sign convention) with that given in the textbook by S. Weinberg [56, equation 7.6.15] which also depends on the
second-order derivatives from the metric tensor perturbations. The advantage of our perturbation scheme as compared
with S. Weinberg’s book [56] is that we have worked out an iterative procedure of calculation of the field perturbations
at any order of approximation. In particular, we can derive an exact analytic form of the gravitational stress-energy
tensor tµν which reads [85]
tµν =
1
8π
(
δ
ρ
µδ
σ
ν −
1
2
g¯µνg¯ρσ
) (
GαρβG
β
σα −GαρσGβαβ
)
(246)
+
1
8π
[
1
2
hµνg¯ρβGααβ − 12 g¯µνh
αβGραβ − hρ(µGαν)α + hρβg¯α(µGαν)β + hβ(µGρν)β − hβ(µ g¯ν)αg¯ρσGαβσ
]
|ρ
,
where Gαβγ ≡ Γαβγ − ¯Γαβγ is the difference between the Christoffel symbols of the perturbed,M, and the background,
¯M, manifolds
Gαβγ =
1
2
gαρ
(
κρβ|γ + κργ|β − κβγ|ρ
)
, (247)
where κµν ≡ gµν− g¯µν. We emphasize that the geometric object Gαβγ is a tensor with respect to coordinate transforma-
tion on the background manifold since it represents the difference between the two Christoffel symbols [104]. It does
not mean, of course, that we employ a bi-metric theory of gravity being different from general theory of relativity. The
background metric g¯µν is simply the lowest (unperturbed) state of the gravitational field which dynamical properties
are described by the full metric gµν. Since both the background metric g¯µν, its perturbation κµν, and the object Gαβγ
are tensors, tµν is a stress-energy tensor of the gravitational field perturbations. It defines energy, a linear momentum,
and other physical characteristics of the perturbations at each point of the background spacetime [105]. Expansion of
(246) in Taylor series with respect to perturbations and leaving only quadratic terms yields (241)
6.2. Stress-energy tensor of dark matter perturbations
The part of the stress-energy tensor describing the dark matter perturbation is given in (228) by τmµν that, according
to (125), is calculated as a variational derivative
16πτmαβ =
1√−g¯ g¯αµg¯βν
δF m
δg¯µν
, (248)
from the Lagrangian density given by
F m ≡ hρσFmρσ −
1
2
hFm +
√
−g¯φFmΦ , (249)
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where the individual terms entering the right side of (249) are taken from (203) and (215) respectively, and Fm ≡
g¯αβFmαβ. We single out the total divergence in (249), discard it, and brings (249) to the following form
F m ≡ hρσFmρσ −
1
2
hFm − 8π
√
−g¯φαYα , (250)
where the total divergence has been dropped off, φα ≡ φ|α, and the current Yα is given in (216). After reducing similar
terms equation (250) takes on the following form
F m ≡ −8π
√
−g¯
(
ρ¯m
µ¯m
φαφα − 3ρ¯mlαβu¯αφβ
)
− 4π
√
−g¯ ( p¯m − ǫ¯m)
(
lαβlαβ − 12 l
2
)
(251)
−8π
√
−g¯ ρ¯m
µ¯m
(
1 − c
2
c2s
) [
(u¯αφα)2 − 32 µ¯mqu¯
αφα +
1
2
µ2mq
2
]
.
where again we have used notation φα ≡ φ|α and l ≡ g¯αβlαβ.
Taking variational derivative in (248) is rather straightforward but tedious procedure. Because the Lagrangian F m
depends neither on the Christoffel symbols nor on the curvature tensor, the variational derivative (248) is reduced to
a partial derivative with respect to the metric tensor δF m/δgµν = ∂F m/∂gµν. Calculation of the partial derivative is
done with the help of the chain rule and equations in Appendix A.1. It yields the stress-energy tensor of dark matter
τmµν =
ρ¯m
2µ¯m
φµφν − ρ¯m4µ¯m
[
φαφα +
(
1 − c
2
c2s
)
(u¯αφα)2
]
g¯µν (252)
− ρ¯m
2µ¯m
(
1 − c
2
c2s
) [(
3
2
µ¯mq − 2u¯αφα
)
u¯(µφν) − 34 µ¯mu¯
αφαlµν
]
+
ρ¯m
4µ¯m
(
1 − c
2
c2s
) (
φαφα − 3µ¯mlαβu¯αφβ + 32 µ¯mlu¯
αφα
)
u¯µu¯ν
+
ρ¯m
4µ¯m
[(
1 − c
2
c2s
) (
3 − c
2
c2s
)
− ρ¯mµ¯m c
2
c2s
∂ ln c2s
∂ p¯m
] [
(u¯αφα)2 − 32 µ¯mqu¯
αφα +
1
2
µ2mq
2
]
u¯µu¯ν
− 18 ρ¯mµ¯m
(
1 − c
2
c2s
) [
2qlµν − q2g¯µν +
(
lαβlαβ − 12 l
2 + 2ql
)
u¯µu¯ν
]
− 1
2
( p¯m − ǫ¯m)
[
lαµlνα − 12 llµν −
1
4
(
lαβlαβ − 12 l
2
)
g¯µν
]
,
where we have used thermodynamic relation (147) to make a replacement ǫ¯m + p¯m = ρ¯mµ¯m.
As we have modelled dark matter by the ideal fluid, equation (252) represents the stress-energy tensor of sound
waves propagating on the background cosmological manifold. This tensor depends on the speed of sound, cs, which
enters denominators in some terms of (252). It may cause an impression that in case of dust, when cs → 0, the tensor
τmµν is divergent. This impression is not true as the numerators of the corresponding terms also approach to zero with
the same rate as the denominator. It leaves τmµν well-defined even in case of a model of dark matter consisting of
non-interacting dust particles.
6.3. Stress-energy tensor of dark energy perturbations
The part of the stress-energy tensor describing the dark energy perturbation is given in (228) by τqµν that, according
to (125), is calculated as a variational derivative
16πτq
αβ
=
1√−g¯ g¯αµg¯βν
δF q
δg¯µν
, (253)
from the Lagrangian density given by
F q ≡ hρσFqρσ −
1
2
hFq +
√
−g¯ψFq
Ψ
, (254)
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where the individual terms entering the right side of (254) are taken from (204) and (225) respectively, and Fq ≡
g¯αβFq
αβ
. We single out the total divergence and bring (254) to the following form
F q ≡ hρσFqρσ −
1
2
hFq − 8π
√
−g¯ψαZα − 4π
√
−g¯ψ
(
l∂
¯W
∂ ¯Ψ
+ 2ψ∂
2
¯W
∂ ¯Ψ2
)
, (255)
where the total divergence has been dropped off. More explicitly,
F q ≡ −8π
√
−g¯
[
ψαψα +
3
2
lψ∂
¯W
∂ ¯Ψ
+ ψ2
∂2 ¯W
∂ ¯Ψ2
− 3µ¯qlαβu¯αψβ
]
+ 8π
√
−g¯ ¯W( ¯Ψ)
(
lαβlαβ − 12 l
2
)
, (256)
where ψα ≡ ψ|α. Taking variational derivative from the left side of (256) with respect to g¯µν, we obtain the stress-
energy tensor of dark energy perturbation
τ
q
µν =
1
2
ψµψν − 14
(
ψαψα + ψ
2 ∂
2
¯W
∂ ¯Ψ2
)
g¯µν − 34 lµνψ
∂ ¯W
∂ ¯Ψ
+ ¯W( ¯Ψ)
[
lαµlνα − 12 llµν −
1
4
(
lαβlαβ − 12 l
2
)
g¯µν
]
. (257)
This tensor depends on the potential ¯W( ¯Ψ) of the scalar field and on its first and second derivatives. The potential has
been kept arbitrary which makes expression (257) rather general and applicable to discussion of a wide spectrum of
physical situations.
7. Post-Friedmanian Equations of Motion in Cosmology
In this section we shall derive equations of motion of the baryonic matter in the universe governed by dark matter
and dark energy. Baryonic matter falls freely in the gravitational field produced by dark matter and dark energy
primordial perturbations which are responsible for the formation of the large scale structure in the universe [4, 5].
Since luminous matter is made of baryons, its astronomical observations traces the gravitational potential of dark
matter and helps us to identify where it confines and clumps to clusters. We shall also take into account the self-
gravitational interaction of the baryonic matter, thus, extending the post-Newtonian treatment of equations of motion
in asymptotically-flat spacetime [14, 82] to the realm of cosmology where FLRW background metric is not flat.
7.1. General Formulation
Let us consider a background spacetime manifold, ¯M, with the effective Lagrangian
Leff = Leff
(
g¯µν, ¯Γαβγ; ¯Φ
A, ¯Φα;ΘB,ΘBα; h
µν, hµν |a; φA, φAα
)
, (258)
depending on a set of the independent dynamic variables and their conjugated counterparts which are covariant deriva-
tives on the background manifold. We have proved in section 4.8 that the effective LagrangianLeff is gauge-invariant
on shell modulo a total divergence. The gauge invariance of Leff suggests that its Lie derivative along an arbitrary
vector field, ξα, must be also nil modulo a total divergence: £ξLeff = ∂αUα, where Uα is a vector field. Because a
total divergence added to the Lagrangian do not affect the field equations we drop it out of the subsequent equations.
We compute the Lie derivative of the effective Lagrangian by making use of (64) that reduce calculation of the Lie
derivative to that of variational derivatives modulo a total divergence. After dropping off the divergence, we have
£ξLeff = δL
eff
δg¯αβ
£ξg¯αβ +
δLeff
δ ¯ΦA
£ξ ¯ΦA +
δLeff
δhµν
£ξhµν +
δLeff
δφA
£ξφA +
δLeff
δΘB
£ξΘB . (259)
Field equations (101), (128), (134) describing evolution of the dynamic field perturbations hµν, φA, θB on the back-
ground manifold exterminate the last three terms in the right side of (259). The first term in the right side of (259) can
be written down as follows
δLeff
δg¯αβ
£ξg¯αβ = −
√
−g¯Λαβξα|β , (260)
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where we have used definitions (104) and equation for the Lie derivative of the background metric
£ξg¯αβ = −ξα|β − ξβ|α , (261)
In order to develop a second term in the right side of (259), we have to know the Lie derivative of the field, ¯ΦA,
which depends on its geometric properties. In a particular case of a tensor density ¯ΦA ≡
(
¯ΦA
)µ1...µp
ν1...νq
of weight m, the
Lie derivative is given by (61) that can be written symbolically as follows
£ξ ¯ΦA = ξα ¯ΦAα + ¯KAαβξα|β , (262)
where ¯ΦAα ≡
(
¯ΦA
)µ1...µp
ν1...νq |α
, ¯KAαβ = ¯K
Aσ
α g¯σβ, and
¯KAσα ≡ mδσα
(
¯ΦA
)µ1...µp
ν1...νq
(263)
−δµ1α
(
¯ΦA
)σµ2...µp
ν1...νq
− . . . − δµpα
(
¯ΦA
)µ1...µp−1σ
ν1...νq
+ δσν1
(
¯ΦA
)µ1...µp
αν2...νq
+ . . . + δσνq
(
¯ΦA
)µ1...µp
ν1...νq−1α
.
Making use of definition (132) and (262) we can present the second term in the right side of (259) in the following
form
δLeff
δ ¯ΦA
£ξ ¯ΦA =
1
2
√
−g¯ΣMA
(
ξα ¯ΦAα + ¯K
A
αβξ
α|β) . (264)
Substituting (260), (264) to the right side of (259) results in
£ξLeff = 12
√
−g¯ΣMA ¯ΦAαξα +
√
−g¯
(
−Λαβ + 12Σ
M
A
¯KAαβ
)
ξα|β . (265)
Applying the Leibniz rule to change the order of differentiation in the terms depending on ξα|β, we can recast (265) to
the following form
£ξLeff =
√
−g¯
[
1
2
ΣMA
¯ΦAα + Λαβ
|β − 1
2
(
ΣMA
¯KAαβ
)|β]
ξα +
√
−g¯Wβ |β , (266)
where the vector field
Wβ ≡
(
−Λαβ + 12Σ
M
A
¯KAαβ
)
ξα . (267)
The last term in (266) is reduced to the total divergence of a vector density√
−g¯Wβ |β = ∂β
(√
−g¯Wβ
)
, (268)
where Wβ = g¯αβWα. The Lie derivative (266) of the effective Lagrangian vanishes modulo the divergence of the vector
field Uβ ≡ √−g¯Wβ if, and only if, the combination of terms enclosed to the square brackets in (266) is nil. It yields
the equations of motion of matter
Λαβ
|β = −1
2
ΣMA
¯ΦAα +
1
2
(
ΣMA
¯KAαβ
)|β
. (269)
It should be compared with the law of conservation of matter in flat background spacetime, Λαβ,β = 0, with the right
side equal to zero [75]. The presence of the background matter fields ¯ΦA on the curved background manifold makes
the right side of (269) different from zero. This result was established in [85].
Equation (269) can be interpreted as the integrability condition of the gravitational field equation (103). Taking a
covariant derivative from both sides of the field equation (103) and applying the equations of motion (269) yields
(
FGαβ + F
M
αβ
)|β
= −4π
[
ΣMA
¯ΦAα −
(
ΣMA
¯KAαβ
)|β]
. (270)
In the linear approximation, when all quadratic and higher-order terms with respect to the perturbations are discarded
(ΣMA → 0), the covariant divergence (FGαβ + FMαβ)|β = 0. It agrees with the assumption that the stress-energy tensor of
the bare perturbation is conserved in the linearised perturbative order, Tαβ |β = 0. Now we are set to start calculating
equations of motion of matter of the baryonic matter in FLRW universe goiverned by the dark matter and dark energy
which we consider in the next few subsections.
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7.2. Equations of motion in the universe governed by dark matter and dark energy
The dark matter and dark energy components of matter that governs the temporal evolution of the universe are
modelled by two scalar fields Φ1 ≡ Φ and Φ2 ≡ Ψ. For scalar fields the tensor ¯KA
αβ
≡ 0 and, consequently, the second
term in the right side of (269) is identically nil. Therefore, equations of motion of matter (269) can be written more
explicitly in the following form
Tµν
|ν + tµν |ν + τmµν
|ν + τqµν
|ν =
1
2
(
µ¯mΣ
m + µ¯qΣ
q
)
u¯µ , (271)
where we have used equation (197) for expressing the gradients of the scalar fields ¯Φ and ¯Ψ in terms of the background
four-velocity u¯α as well as equations (114), (123), (228) defining the effective stress-energy tensorΛαβ. Equation (271)
is a covariant equation of motion of the baryonic matter described by the stress-energy tensor Tµν, in the presence of
dynamic perturbations of gravitational field, dark matter and dark energy. In case of asymptotically flat spacetime the
right side of (271) would vanish while in the left side of (271) only the first two terms would remain among which the
stress-energy tensor of gravitational field, tµν, would be made of the perturbations of gravitational field caused by the
baryonic matter itself.
In FLRW universe with dark matter and dark energy, more terms appear in equations of motion (271) which
should be properly treated. Our goal is to calculate the explicit form of Σm and Σq as well as the covariant divergences
of stress-energy tensors entering (271). We split the process of calculation in three parts. First, we calculate the
divergence, tµν |ν, of the stress-energy tensor of gravitational field, then, we proceed to calculation of the divergence,
τmµν
|ν
, of the stress-energy tensor of dark matter, and that τqµν |ν of dark energy. It becomes clear in the course of the
calculations, that a large group of terms making up Σm and Σq can be represented in the form of a covariant divergence.
Such terms are combined with τmµν |ν and τ
q
µν
|ν respectively to reduce the number of similar terms. We give more detailed
description in the text which follows.
7.2.1. Divergence of the stress-energy tensor of gravitational field
Covariant divergence from the stress-energy tensor of gravitational field, tµν, is derived by means of direct cal-
culation from its definition (244). In the process of calculation we can simplify a significant number of terms by
employing the commutation relations (242), (243) for second-order covariant derivatives along with a rule for the
third order derivative
lλµ|ρσν = lλµ|ρνσ − lγµ|ρ ¯Rλγσν + lλγ|ρ ¯Rγµσν + lλµ|γ ¯Rγρσν , (272)
which allows us (after one more commutation of the covariant derivative in lλµ|ρνσ) to derive
lνµ|ρσν = Aµ|ρσ + lαµ|σ ¯Rαρ + lαµ|ρ ¯Rασ + lαβ|σ ¯Rβµρα + (273)
lαβ|ρ ¯Rβµσα + lαµ|β ¯Rβρσα + lαµ ¯Rαρ|σ + lαβ ¯Rβµρα|σ .
A significant number of similar terms is cancelled out, and after a multi-page analytic calculation we obtain a fairly
simple result,
tµν
|ν =
(
lρνΘρµ − 12 lµνΘ
)|ν
− 1
2
(
lρσΘρσ|µ − 12 lΘ|µ
)
, (274)
where a tensor Θαβ was defined in (245), and Θ = g¯αβΘαβ. After taking the covariant divergence, it is convenient to
split the right side of (274)algebraically in three parts
tµν
|ν =
(
lρνTρµ − 12 lµνT
)|ν
− 1
2
(
lρσTρσ|µ − 12 lT|µ
)
(275)
− 18π
(
lρνFmρµ −
1
2
lµνFm
)|ν
+
1
16π
(
lρσFmρσ|µ −
1
2
lFm|µ
)
− 18π
(
lρνFqρµ −
1
2
lµνFq
)|ν
+
1
16π
(
lρσFq
ρσ|µ −
1
2
lFq|µ
)
,
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where Fmαβ and F
q
αβ
have been given in (203) and (204) respectively, and Fm ≡ g¯αβFmαβ, Fq ≡ g¯αβFqαβ. The first line
in the right side of this equation describes the coupling of gravitational perturbation with the stress-energy tensor Tµν
of the baryonic matter, and the second and the third lines outline the contribution of dark matter (index ‘m’) and dark
energy (index ‘q’).
7.2.2. The dark matter force density
The source density Σm for dark matter dynamic perturbations in quadratic and higher orders, is defined by equation
(212) where we shall take into account in the dynamic Lagrangian only terms of the second order,
Ldyn = L2 , (276)
and keep inL2 only dark matter variables. By a simple inspection, we find out that Σm depends only on the derivatives,
¯Φα, of the scalar field ¯Φ and, thus, can be written in the form of a covariant divergence
Σm = Jmν |ν , (277)
where
Jmν =
1
16π
√−g¯
δF m
δ ¯Φν
, (278)
is a second order (quadratic) correction to the conserved dark matter current Yµ given in (216).
The current Jmν can be algebraically split in two components - one being parallel to the Hubble velocity, u¯α, and
another one being orthogonal to it,
Jmα = ρ¯mu¯α j + ρ¯m ¯Pαβ jβ , (279)
where Pαβ ≡ δβα+ u¯αu¯β. The corresponding projections, which appear in (279), are given by the following expressions,
j = 1
2µ¯2m
(
1 − c
2
c2s
) [
φαφα +
(
1 − c
2
c2s
)
(u¯αφα)2
]
+
3
2µ¯m
c2
c2s
[
lαβu¯αφβ +
1
2
(
1 − c
2
c2s
)
(u¯αφα) q
]
(280)
−1
4
(
1 − c
2
c2s
) [(
1 +
c2
c2s
)
q2 + lαβlαβ − l
2
2
]
− 1
2µ¯m
c2
c2s
∂ ln c2s
∂µ¯m
[
(u¯αφα)2 − 32 µ¯mq (u¯
αφα) + 12 µ¯
2
mq
2
]
,
jβ = 1
µ¯2m
(
1 − c
2
c2s
)
(u¯αφα) φβ − 32µ¯m lβ
αφα − 32µ¯m
(
1 − c
2
c2s
) [
(u¯αφα) lβγu¯γ + 12qφβ
]
+
(
1 − c
2
c2s
)
qlβαu¯α . (281)
Direct calculation of the covariant divergence from Jmα in (277) entangles a lot of algebraic operations which
number can be significantly reduced by making use of the following procedure. First of all, we notice that the term,
µ¯mΣ
mu¯µ, in the right side of (271) can be replaced on shell with µ¯mJm|νν u¯µ due to (277). Then, we use the chain rule
and derivatives
µ¯m
|ν =
∂µ¯m
∂ρ¯m
ρ¯m
|ν = 3
c2s
c2
Hµ¯mu¯ν , (282)
u¯µ
|ν = H ¯Pµν . (283)
in order to transform
µ¯mΣ
mu¯µ =
(
µ¯mJmν u¯µ
)|ν
+ 3
c2s
c2
Hρ¯mµ¯m ju¯µ − Hρ¯mµ¯m jν ¯Pµν , (284)
where we have used (279).
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Now, we combine the total divergence in the right side of (284) with the divergence of the stress-energy tensor of
dark matter in the left side of (271). In doing so, we notice the following equations
16π
√
−g¯τmµν = g¯µρg¯νσ
(
∂F m
∂g¯ρσ
+
∂F m
∂µ¯m
∂µ¯m
∂g¯ρσ
)
, (285)
16π
√
−g¯Jmν =
∂F m
∂ ¯Φν
+
∂F m
∂µ¯m
∂µ¯m
∂ ¯Φν
, (286)
which are just more explicit form of the definitions (248) and (278) of the corresponding quantities expressed as the
variational derivatives with respect to the metric tensor and the derivative of the scalar field respectively. Accounting
for the variational derivatives (A17), (A40) we obtain
τmµν −
1
2
µ¯mJmν u¯µ =
1
16π
√−g¯
(
g¯µρg¯νσ
∂F m
∂g¯ρσ
− 1
2
∂F m
∂ ¯Φν
u¯µ
)
. (287)
This equation elucidates that we do not need to directly calculate a large number of terms depending on the partial
derivatives with respect to the specific enthalpy µ¯m when calculating the covariant divergence in the left side of
equations of motion (271). It saves us from doing a lot of redundant algebraic operations.
It is also reasonable to combine (287) with the dark matter term representing a total divergence in the second line
of (275) and denote
Xµν ≡ τmµν −
1
2
µ¯mJmν u¯µ −
1
8π
(
lρνFmρµ −
1
2
lµνFm
)
. (288)
Notice that tensor Xµν is not symmetric with respect to its indices. Making use of (201), (252), (279) in the right side
of (288), and reducing similar terms, we obtain a rather short expression
Xµν ≡ ρ¯m2µ¯m
(
φµφν − 12φ
αφαg¯µν
)
+
ρ¯m
2µ¯m
(
1 − c
2
c2s
) [
(u¯αφα)φµu¯ν − 12 (u¯
αφα)2 g¯µν
]
(289)
− ρ¯m
(
φµlνρu¯ρ +
1
4
u¯µlνρφρ
)
− ρ¯m
(
1 − c
2
c2s
) [
3
8qφµu¯ν +
(u¯αφα)
(
1
8 lµν +
1
4
u¯µlνρu¯ρ
)]
+
1
8
[
ρ¯mµ¯m
(
1 − c
2
c2s
)
q2 + ( p¯m − ǫ¯m)
(
lρσlργ − 12 l
2
)]
g¯µν .
Let us denote the density of the force caused by dark matter on the motion of the baryonic matter by f mµ . After
grouping together all terms in (271), belonging to the dark matter sector, the force density is defined by the following
expression
f mµ ≡ −Xµν|ν −
1
16π
(
lρσFmρσ|µ −
1
2
lFm |µ
)
+
3
2
c2s
c2
Hρ¯mµ¯m ju¯µ − 12 Hρ¯mµ¯m jν
¯Pµν , (290)
where the second term in the right side was taken from (275), and the last two terms – from (284). We can split the
force density, f mµ , in two orthogonal components
f mµ = amu¯µ + amν ¯Pνµ , (291)
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where am ≡ −u¯ν f mν and amµ ≡ ¯Pµν f mν . We have, more explicitly,
am =
1
4
ρ¯m
[
lαβφαβ + Aαφα − 2 (u¯αφα)
(
u¯βAβ
)]
(292)
+
1
8 ρ¯m
(
1 − c
2
c2s
) [
u¯αu¯βlβγφαγ + qu¯αu¯βφαβ − (u¯αφα)
(
u¯βqβ
)
+ (u¯αφα)
(
u¯βAβ
)]
+ 2ρ¯mH (u¯αφα)
(
2q − 1
2
l
)
+
1
8 ρ¯mH
(
1 − c
2
c2s
) [
lαβu¯αφβ + (u¯αφα) (3q − l)
]
+
3
8 ρ¯mµ¯mH
∂ ln c2s
∂µ¯m
(
q − l
2
)
(u¯αφα) ,
amµ =
1
2
ρ¯m (u¯αAα) φµ (293)
+
1
8 ρ¯m
(
1 − c
2
c2s
) [
lµαu¯βφαβ − qu¯αφµα + (u¯αqα)φµ + (u¯αφα) Aµ
]
− 2ρ¯mH
(
2q − 1
2
l
)
φµ
+
1
2
ρ¯mH
(
1 − c
2
c2s
) [
(u¯αφα) lµβu¯β − 14qφµ +
1
4
lµαφα
]
+
3
8 ρ¯mµ¯mH
∂ ln c2s
∂µ¯m
[
(u¯αφα) lµαu¯α − qφµ
]
,
where φαβ ≡ φ|αβ. Our next goal is to calculate the force density exerted by dark energy on the motion of the baryonic
matter in the universe.
7.2.3. The dark energy force density
The procedure of calculation of the dark energy force density is similar to that described in the previous subsection
(7.2.2). The dark energy source , Σq, which is defined in (224) as a variational derivative from the dynamic Lagrangian
Ldyn, depends not only on the derivatives of the scalar field ¯Ψ but on the field itself through the field potential W =
W(Φ). We take into account in Ldyn only the quadratic terms with respect to the dynamic perturbations which yield
Σq =
1
16π
√−g¯
−∂F q
∂ ¯Ψ
+
(
∂F q
∂ ¯Ψν
)
|ν
 , (294)
where the Lagrangian density F q is given in (255). After taking the variational derivatives in (294), we obtain
Σq =
1
2
ψ2
∂3 ¯W
∂ ¯Ψ3
+
3
4
lψ∂
2
¯W
∂ ¯Ψ2
− 1
2
∂ ¯W
∂ ¯Ψ
(
lαβlαβ − 12 l
2
)
+
3
2
(
lαβ |γψau¯βu¯γ + lαβψαγu¯βu¯γ + 3Hlαβu¯αψβ
)
. (295)
The force density exerted by dark energy on the motion of the baryonic matter is combined from all terms in (271)
which depend on dark energy components,
f qµ ≡ −τqµν |ν + 18π
(
lρνFqρµ −
1
2
lµνFq
)|ν
− 1
16π
(
lρσFq
ρσ|µ −
1
2
lFq |µ
)
+
1
2
µ¯qΣ
qu¯µ , (296)
where the second and third terms standing in the irght side of this definition come from the third line of (275). In
order to calculate the right side of (296) we use equation (257) for τqµν, equation (204) for Fqµν, and equation (295) for
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Σq. After long but straightforward calculation and reduction of many similar terms, we get
f qµ = ρ¯qu¯µ
(
lαβψαβ +
3
4
lαβ |γψαu¯βu¯γ +
3
4
lαβψαγu¯βu¯γ +
9
4
Hlαβu¯αψβ
)
(297)
+ (Aαψα) u¯µ + 12 (A
αu¯α)ψµ + ρ¯qH
(
2q − 1
2
l
)
ψµ
−1
4
∂ ¯W
∂ ¯Ψ
(
ψAµ + lµνψν − 2qψµ
)
+
1
4
ρ¯qψ
∂2 ¯W
∂ ¯Ψ2
(
lµνu¯ν − 12 lu¯µ
)
,
where we denoted ψαβ ≡ ψ|αβ, and ρ¯q = µq.
7.3. Final form of the equations of motion
After making use of the results of the presiding section, equations of motion (271) of the baryonic matter take on
the following form
Tµ
ν |ν + lρν
(
Tρµ|ν − 12Tρν|µ
)
− 1
2
(
lµν − l2δµ
ν
)
T|ν + AρTρµ − 12 AµT = f
m
µ + f qµ . (298)
The left side of this equation can be brought to a more conventional form of a covarinat derivative with respect to the
full metric, if we use relation (122) between the stress-energy tensor of the bare perturbation Tµν given in (117) and
Tµν defined in (115).
Let us take a covariant divergence of Tµν with respect to the full metric gµν that is ∇νTµν ≡ gνρ∇νTρµ where the ∇ν
denotes a covariant derivative with respect to the full metric, and we rise and lowered indices with the help of the full
metric. Covariant derivatives from the stress-energy tensor Tµν are calculated with the help of
∇αTµν = Tµν|α −GβαµTνβ −GβανTµβ , (299)
where Gβαµ is the Christoffel symbol being associated with the full metric. It is rather straightforward to prove that
they have the following exact form,
G
β
αµ =
1
2
g¯βγ
(
κγα|µ + κγµ|α − καµ|γ
)
. (300)
In the linear approximation with respect to the lµν equation (300) reads
G
β
αµ = −
1
2
g¯βγ
(
lγα|µ + lγµ|α − lαµ|γ
)
+
1
4
(
δ
β
αl|µ + δβµl|α − g¯αµl|β
)
. (301)
Two contracted values of the Christoffel symbols are
Gα ≡ Gβαβ =
1
2
l|α , g¯αβGγαβ = −lγβ|β = −Aγ , (302)
Making use of these notations and definitions, and doing a direct calculation results in
∇νTµν = Tµν |ν + lρν
(
Tρµ|ν − 12Tρν|µ
)
− 1
2
(
lµν − l2δµ
ν
)
T|ν + AρTρµ − 12 AµT . (303)
It elucidates that equation of motion (298) has the following form
∇νTµν = f mµ + f qµ . (304)
Had the background spacetime been flat, the right side of (304) would vanish yielding the conventional law of con-
servation, ∇νTµν = 0. However, in cosmology the spacetime manifold is given by the perturbed FLRW metric. The
perturbations interact with themselves causing an effective force fµ = f mµ + f qµ which disturbs microscopic motion of
the baryonic matter and “violates” the law of conservation of its stress-energy tensor.
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The important case of the baryonic matter is a perfect fluid with the stress-energy tensor (175),
T µν = (ǫ + p)uµuν + pgµν , (305)
where ǫ and p are the energy density and pressure of the fluid, uµ is the four-velocity of the fluid element, and gµν is
a full (contravariant) metric. The pressure, p = p(µ), and the energy density, ǫ = ǫ(µ), are functions of the specific
enthalpy, µ, of the fluid defined by
µ =
√
−gµνΘµΘν , (306)
where Θµ ≡ ∂µΘ, and Θ is the Clebsch potential of the baryonic fluid. The baryonic mass density ρ is defined by
thermodynamic equation
ρµ = ǫ + p . (307)
Substituting (305) to the left side of (304)and projecting this equation on the four-velocity uα of the baryonic fluid,
we get the post-Friedmannian law of conservation of energy
uµ∇µǫ + (ǫ + p)∇µuµ = −uµ
(
f mµ + f qµ
)
, (308)
and the post-Friedmannian Euler equation
(ǫ + p)uν∇νuµ = (gµν + uµuν)
(
−∇νp + f mν + f qν
)
. (309)
One more equation is obtained by direct variation of the Lagrangian of the baryonic matter with respect to the Clebsch
potential, leading to the law of conservation of baryonic mass density ρ
∇µ (ρuµ) = 0 , (310)
which is an exact relation.
8. Discussion
The present paper employs a new gauge-invariant approach to the theory of cosmological perturbations. This
approach utilizes the dynamic field theory on curved geometric manifolds introduced by Bruce DeWitt [87], and
represents a systematic development of the iterative scheme for deriving a decoupled system of field equations for the
perturbations of the metric tensor and material fields considered as dynamic variables on background FLRW manifold.
We also demonstrate how to formulate the covariant equations of motion for the perturbations of the material variables
like density, pressure, velocity of matter, etc., on the expanding spacetime of FLRW universe.
The original motivation for the development of the dynamic field theory of the gauge-invariant perturbations in
cosmology was the task of generalization of the post-Minkowskian (PMA) and post-Newtonian (PNA) approximation
schemes used in experimental gravitational physics for testing general relativity in the solar system, binary pulsars,
other localized astronomical systems like the Milky Way [14, 86, 106–108], and in gravitational wave astronomy
[15, 16, 18, 41, 88, 109] for studying the process of generation, propagation, and emission of gravitational waves
by the isolated system comprised of massive bodies. Standard PMA and PNA schemes assume that the background
spacetime is asymptotically flat which does not correspond to cosmological observations clearly indicating that the
background spacetime is described by the curved FLRW metric. Therefore, the standard PMA and PNA schemes
are totally missing cosmological effects which can become important in discussion of certain experimental situations
[71, 110].
Earlier existing perturbation frameworks in cosmology developed by Lifshitz [54, 55], Bardeen [57], Mukhanov
et al [3, 111], Ellis et al [62, 63, 112] made use a principle of separation of the metric tensor perturbations in scalar,
vector, and tensor harmonics but it does not comply with the theoretical foundation of experimental gravitational
physics in asymptotically-flat spacetime [14, 106]. For this reason, we do not use the scalar-vector-tensor decomposi-
tion of the metric tensor but operate directly with the components of the metric tensor perturbations and scalar fields
for which we derive the gauge-invariant equations as described in sections 4.6 and 4.7. Moreover, those perturbative
approaches of previous researchers did not clearly separate the gravitational effects of small-scale and large-scale
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inhomogenities of matter so that it remained fuzzy how to split the matter and gravitational field of an astronomi-
cal N-body system, which is an external perturbation of the background geometry, from the matter and gravitational
field caused by the primordial perturbations of the background matter including cosmological gravitational waves.
Recently, Green and Wald [45, 46] have developed a new framework for separation of the gravitational effects of the
small and large-scale inhomogeneities in cosmology based on generalized Burnetts shortwave approximation [113].
Green-Wald’s framework resembles the similar approach developed by Futamase [32, 50], but it has considerably
wider applicability.
We compared the Lagrangian-based framework of the present paper with that of Green and Wald and noticed
that both frameworks are based on somewhat similar assumptions. In particular, both approaches admit that there is
a background spacetime metric, g¯αβ, which is kept arbitrary for development of general formalism (until section 5
in this paper). Both approaches assume that the metric tensor perturbations, hαβ = gαβ − g¯αβ, are small so that the
perturbative series are conjectured to be convergent, but no restrictions like, hαβ,µν ≪ hαβ,µ ≪ hαβ, are imposed on
the first and second derivatives of the metric tensor perturbations. Both Green and Wald, and we, allow the matter
perturbations to have a high-density contrasts, δρ/ρ¯ ≫ 1 which are identified with the progenitors of the bare matter
perturbations in the present paper. The bare matter perturbations have their own stress-energy tensor which, in general,
is not associated with the stress-energy tensor of the background matter, and is allowed to have a different physical
origin depending on the situation under discussion. Further comparative analysis of the results of the present paper
and those of Green and Wald [45, 46] revealed the following:
1. We consistently rely upon the perturbative approach to develop the dynamic field theory of cosmological per-
turbations and never assume, for example, that quadratic products of the first derivatives hαβ,µ are of the same
order as the curvature of the background metric. Thus, we do not include explicitly to our scheme the case of
generation of the background metric g¯αβ by the small-scale perturbations of the metric and/or its derivatives, via
short-wave averaging of Einstein’s equations like Green and Wald [45, 46] did. We do admit the back-reaction
of the metric perturbations (both small and large scale) on the background metric but it can produce in our
approach only small pertubative corrections to the expansion rate of the universe. In this sense the short-wave
approximation approach in cosmology developed by Green and Wald [45, 46] seems to have wider application,
at least in the geometric sector of the theory.
2. We assume that the background metric, g¯αβ, obeys Friedmann’s equations exactly (see section 5.4) while Green
and Wald derived the differential equations governing the evolution of the background metric by making use
of the short-wave approximation of Burnett [113]. It means that in our approach the dynamic evolution of
the background metric is driven exclusively by the background value of the stress-energy tensor of the back-
ground dark matter and dark energy while the effective stress-energy tensors of the gravitational and matter
perturbations (see section 6) do not contribute to the background value of the metric of FLRW manifold.
3. Green and Wald [45, 46] separate the cosmological perturbations of the background matter and gravitational
field in short wavelength (index (S )) and long wavelength (index (L)) perturbations which are treated differently
by making use of additional assumptions and/or limitations on the mathematical behaviour of the perturbations
depending on the expansion parameter λ (see section III in [45]). The analogue of the short wavelength pertur-
bations in our approach are the bare perturbations. They are described by the particular solutions of the field
equations (205) while the long wavelength perturbations of the background metric tensor are given by their
homogeneous solution. The bare perturbations correspond to the gravitational field in the Newtonian limit of
N-body problem in cosmology and are caused by the bare stress-energy tensor of baryonic matter making up
stars, galaxies and their clusters.
4. The present paper makes use of a systematic dynamic-field approach based on the Noether’s variational prin-
ciple to disentangle the background quantities from the perturbations in the iterative sense, and to derive the
field equations for the perturbations at each iteration by taking variational derivatives. This makes our approach
fully algorithmic and the process of calculation of the variational derivatives can be written down as a recursive
computer program. In principle, we can calculate the field equations for perturbations of any order starting from
the background Lagrangian while Green-Wald’s approach [45, 46] is less algorithmically formalized and gets
more and more laborious as one goes to higher approximations.
5. Green and Wald [45, 46] directly operated with the Einstein tensor, Gαβ = Rαβ − (1/2)gαβR, to decompose it
into the background and perturbative parts and to derive the field equations for the perturbations. However, they
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did not pay sufficient attention to the structure of the perturbation of the stress-energy tensor which is clearly
shown in their equations (see, for example, T (1)
ab in [45, eq. 87]) but remains unspecified. The perturbation of the
background stress-energy-tensor of matter contains the linear-in-metric-tensor perturbation terms which should
be included to the left side of the field equations for the metric tensor perturbations. Our approach carefully
treats this problem of extracting the linear-in-metric tensor perturbations terms to formulate the linear operator
of the field equations for the perturbations of the dynamic variables (see how the left side of the linearised field
equation (205) is defined).
6. At last, but not least, we notice the difference in the choice of the gauge condition (206) used in the present
paper and that in [45] (see discussion at the end of section III in [45] and [45, eq. 91]). No doubt, that the gauge
condition is, in a sense, a matter of taste of a researcher serving to one or another particular task. The advantage
of our gauge condition (206) is that it allows to decouple the field equations for the metric perturbations in
time domain and put them into the form being very similar to that implemented in the canonical PMA and
PNA approaches used for testing general relativity. It allows to compare the results of the cosmological tests of
general relativity to those performed in the solar system much more easier. Furthermore, our gauge condition
(206) reduces the field equations for the dynamic variables to the Bessel-type wave equations which have well-
defined retarded Green functions and can be solved in terms of the retarded integrals [114–116].
Our field-theoretical approach to cosmological perturbations can be extended to incorporate more general physical
situations. One of the main advantages of our formalism is the method of treatment of the perfect fluid as a dynamic
field that makes its effects to be very similar to those produced by a scalar field [117]. It is straightforward to include
in our approach more realistic fluids with entropy, viscosity, anisotropic stresses, etc. The Lagrangian for such fluids
have been discussed in a number of papers [91, 98, 118, 119], and is well-established. It is also possible to incorporate
to our formalism additional vector and tensor fields which may be important for researchers doing quantum gravity
and/or looking for violations of general relativity on cosmological scales [120–122].
Finally, it would be highly desirable to apply our dynamic field theory approach to perform calculations of grav-
itational radiation emitted by isolated astronomical sources (like binary stars) with taking into account various cos-
mological effects. This will yield a key to precise measurement of cosmological parameters with gravitational wave
detectors. So far, this problem was considered only under assumption that spacetime is asymptotically flat (see review
[18] and references therein), thus, severely limiting the domain of possible fundamental applications of gravitational
wave astronomy to cosmology.
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A. Variational Derivatives
A.1. Variational derivative from the Hilbert Lagrangian
The goal of this section is to prove relation (74) being valid on the background manifold ¯M. We shall omit the bar
over the background geometric objects as it does not bring about confusion. We notice that the Hilbert Lagrangian
density,LG = −(16π)−1√−gR, differs from the Einstein Lagrangian densityLE = −(16π)−1√−gL by a total derivative
that is a consequence of (16). Due to relation (32) the Lagrangian derivatives from LG and LE coincides
δLG
δgµν
=
δLE
δgµν
, (A1)
thus, pointing out that we can safely operate with the Einstein Lagrangian density LE. Because of (54), we have
δLE
δgµν
=
1√−g A
ρσ
µν
δLE
δgρσ
, (A2)
which suggests that calculation of the variational derivative with respect to the metric tensor is sufficient.
Calculation of the variational derivative δLE/δgρσ demands the partial derivatives of the contravariant metric and
Christoffel symbols with respect to gµν. The partial derivatives of the metric are calculated with the help of (38),
(49). The Christoffel symbols are given in terms of the partial derivatives from covariant metric tensor, gαβ,γ which
are not conjugated with the dynamic variable gαβ. Thus, calculation of the partial derivative with respect to gµν from
the Christoffel symbols demands its transformation to the form where the conjugated variables gαβ,γ are used instead.
This form of the Christoffel symbols is
Γαβγ =
1
2
(
gρκ,σgασgρβgκγ − gασ,βgγσ − gασ,γgβσ
)
. (A3)
Taking the partial derivative of (A3) with respect to the contravariant metric yields
∂Γαβγ
∂gµν
= −gασ
{
Γ[σβ](µgν)γ + Γ[σγ](µgν)β + Γ(βγ)(µgν)σ
}
, (A4)
and
∂Yα
∂gµν
= −Γ(µν)α , (A5)
where we have used (3). Contracting (A4), (A5) with the Christoffel symbols and the metric tensor results in
gσγ
∂Γαβγ
∂gµν
Γβσα = −2ΓαβµΓβνα , (A6)
gσγ
∂Yβ
∂gµν
Γβσγ = −Γ(µν)αΓα , (A7)
gσγ
∂Γβσγ
∂gµν
Yβ = Γ(µν)αYα − ΓαµνYα − YµYν . (A8)
Partial derivatives of the Christoffel symbols with respect to the metric derivatives are calculated from (A3) with
the help of (39). We get
∂Γαβγ
∂gµν,ρ
=
1
2
[
gραgβ(µgν)γ − δργδα(µgν)β − δρβδα(µgν)γ
]
, (A9)
∂Yβ
∂gµν,ρ
= −1
2
gµνδ
ρ
β
. (A10)
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Contracting (A9), (A10) with the Christoffel symbols and the metric tensor results in
gσγ
∂Γαβγ
∂gµν,ρ
Γβσα = −12Γ
ρ
µν , (A11)
gσγ
∂Yβ
∂gµν,ρ
Γβσγ = −12gµνΓ
ρ , (A12)
gσγ
∂Γβσγ
∂gµν,ρ
Yβ = 12 gµνY
ρ − δρ(µYν) . (A13)
Explicit expression for the variational derivative of the Einstein Lagrangian is
−16πδL
E
δgµν
=
(
∂
√−g
∂gµν
gσγ +
√−g∂g
σγ
∂gµν
) (
ΓαβγΓ
β
σα − YβΓβσγ
)
(A14)
+
√−ggσγ
(
2
∂Γαβγ
∂gµν
Γβσα −
∂Yβ
∂gµν
Γβσγ −
∂Γβσγ
∂gµν
Yβ
)
− ∂
∂xρ
[√−ggσγ
(
2
∂Γαβγ
∂gµν,ρ
Γβσα −
∂Yβ
∂gµν,ρ
Γβσγ −
∂Γβσγ
∂gµν,ρ
Yβ
)]
.
Replacing the partial derivatives in (A14) with the corresponding right sides of equations (38), (49), (A11)–(A13) and
taking the partial derivative with respect to spatial coordinates, yields
−16πδL
E
δgµν
=
√−g
(
Rµν − 12 gµνR
)
, (A15)
where we have used expressions (12), (14) for the Ricci tensor and Ricci scalar respectively. Substituting equation
(A15) to (A2) yields
δLE
δgµν
= − 1
16πRµν . (A16)
A.2. Variational derivatives of dynamic variables with respect to the metric tensor
A.2.1. Variational derivatives of dark matter variables
The primary thermodynamic variable of dark matter is µm defined in (157). Variational derivative from µm is
calculated directly from its definition and yields
δµ¯m
δg¯µν
=
1
2
µ¯mu¯
µu¯ν . (A17)
Variational derivative of pressure p¯m is obtained from thermodynamic relation (151a) by making use of the chain
differentiation rule along with (A17), that is
δ p¯m
δg¯µν
=
1
2 ρ¯mµ¯mu¯
µu¯ν . (A18)
Variational derivative of the rest mass and energy density are obtained by making use of (A17) along with equation
of state that allows us to express partial derivatives of ρm and ǫm in terms of the variational derivative for µm. More
specifically,
δρ¯m
δg¯µν
=
1
2
c2
c2s
ρ¯mu¯
µu¯ν , (A19)
δǫ¯m
δg¯µν
=
1
2
c2
c2s
ρ¯mµ¯mu¯
µu¯ν , (A20)
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where the speed of sound appears explicitly. Variational derivatives from products and/or ratios of the thermodynamic
quantities are calculated my applying the chain rule of differentiation and the above equations,
δ (ρ¯mµ¯m)
δg¯µν
=
1
2
(
1 +
c2
c2s
)
ρ¯mµ¯mu¯
µu¯ν , (A21)
δ
δg¯µν
(
ρ¯m
µ¯m
)
= −1
2
(
1 − c
2
c2s
)
ρ¯m
µ¯m
u¯µu¯ν , (A22)
δ (p¯m − ǫ¯m)
δg¯µν
=
1
2
(
1 − c
2
c2s
)
ρ¯mµ¯mu¯
µu¯ν . (A23)
A.2.2. Variational derivatives of dark energy variables
The primary thermodynamic variable of dark energy is µ¯q defined in (157). Variational derivative from µ¯q is
calculated directly from its definition,
δµ¯q
δg¯µν
=
1
2
µ¯qu¯
µu¯ν . (A24)
Variational derivative of the mass density ρ¯q of the dark energy “fluid” follows directly from ρ¯q = µ¯q, and reads
δρ¯q
δg¯µν
=
1
2
ρ¯qu¯
µu¯ν . (A25)
Variational derivative of pressure p¯q is obtained from definition (171) along with (A24), which yields
δ p¯q
δg¯µν
=
1
2
ρ¯qµ¯qu¯
µu¯ν . (A26)
Variational derivative of energy density ǫ¯q is obtained by making use of (A24) along with (170). More specifically,
δǫ¯q
δg¯µν
=
1
2
ρ¯qµ¯qu¯
µu¯ν . (A27)
Variational derivatives from products and ratios of other quantities are calculated my making use of the chain rule of
differentiation and the above equations
δ
(
ρ¯qµ¯q
)
δg¯µν
= ρ¯qµ¯qu¯
µu¯ν , (A28)
δ
δg¯µν
(
ρ¯q
µ¯q
)
= 0 , (A29)
δ
(
p¯q − ǫ¯q
)
δg¯µν
= 0 . (A30)
A.2.3. Variational derivatives of four-velocity of the Hubble flow
Variational derivatives from four-velocity of the fluid are derived from the definition (197) of the four-velocity
given in terms of the potential ¯Φ or ¯Ψ which are independent dynamic variables that do not depend on the metric
tensor. Taking variational derivative from (197) and making use either (A17) or (A24) we obtain
δu¯α
δg¯µν
= −12 u¯αu¯
µu¯ν , (A31)
δu¯α
δg¯µν
= −1
2
u¯αu¯µu¯ν − g¯α(µu¯ν) , (A32)
δ (u¯αφα)
δg¯µν
= −φ(µu¯ν) − 1
2
u¯µu¯ν (u¯αφα) , (A33)
where equation (A33) accounts for the fact that φα is an independent variable that does not depend on the metric
tensor.
60
S. M. Kopeikin and A. N. Petrov / Annals of Physics 00 (2018) 1–62 61
A.2.4. Variational derivatives of the metric tensor perturbations
Variational derivatives from the metric tensor perturbations lαβ are determined by taking into account that lαβ =
hαβ/
√
g¯ and hαβ is an independent dynamic variable which does not depend on the metric tensor. Therefore, its
variational derivative is nil, and we have
δlαβ
δg¯µν
=
δ
δg¯µν
(
hαβ√
g¯
)
= hαβ
δ
δg¯µν
(
1√
g¯
)
= −1
2
lαβg¯µν . (A34)
Other variational derivatives are derived by making use of tensor operations of rising and lowering indices with the
help of g¯αβ and applying from (A34). It gives
δlαβ
δg¯µν
= −1
2
lαβg¯µν + 2lα(µδν)β , (A35)
δl
δg¯µν
= lµν − 1
2
lg¯µν , (A36)
δq
δg¯µν
= −q
(
u¯µu¯ν +
1
2
g¯µν
)
+
1
2
(lµν + lu¯µu¯ν) , (A37)
δ
δg¯µν
(
lαβlαβ − l
2
2
)
= 2lα(µlν)α − llµν − g¯µν
(
lαβlαβ − l
2
2
)
. (A38)
A.3. Variational derivatives with respect to matter variables
A.3.1. Variational derivatives of dark matter variables
The dark matter variables do not depend on the Clebsch potential ¯Φ directly but merely on its first derivatives ¯Φα.
Therefore, any variational derivative of dark matter variable, say, Q = Q( ¯Φα), is reduced to a total divergence
δQ
δ ¯Φ
= − ∂
∂xα
∂Q
∂ ¯Φα
. (A39)
We present a short summary of the partial derivatives with respect to ¯Φα.
∂µ¯m
∂ ¯Φα
= u¯α , (A40)
∂ p¯m
∂ ¯Φα
= ρ¯mu¯
α , (A41)
∂ρ¯m
∂ ¯Φα
=
c2
c2s
ρ¯m
µ¯m
u¯α , (A42)
∂ǫ¯m
∂ ¯Φα
=
c2
c2s
ρ¯mu¯
α , (A43)
∂ (ρ¯mµ¯m)
∂ ¯Φα
=
(
1 + c
2
c2s
)
ρ¯mu¯
α , (A44)
∂
∂ ¯Φα
(
ρ¯m
µ¯m
)
= −
(
1 − c
2
c2s
)
ρ¯m
µ¯2m
u¯α , (A45)
∂ (p¯m − ǫ¯m)
∂ ¯Φα
= +
(
1 − c
2
c2s
)
ρ¯mu¯
α . (A46)
Partial derivatives of four velocity
∂u¯α
∂ ¯Φβ
= −
¯Pαβ
µ¯m
,
∂u¯α
∂ ¯Φβ
= −
¯Pαβ
µ¯m
. (A47)
61
S. M. Kopeikin and A. N. Petrov / Annals of Physics 00 (2018) 1–62 62
It allows us to deduce, for example,
∂ (u¯αφα)
∂ ¯Φβ
= − 1
µ¯m
¯Pαβφβ , (A48)
∂q
∂ ¯Φα
= − 2
µ¯m
¯Pαµlµνu¯ν . (A49)
A.3.2. Variational derivatives of dark energy variables
The dark energy variables depend on both the scalar potential ¯Ψ and its first derivative ¯Ψα in the most generic
situation. This is because there is a potential of the scalar field W( ¯Φ) that is absent in case of the dark matter.
Therefore, variational derivative of the dark energy variable, say, ⊣ = A( ¯Ψ, ¯Ψα), is
δA
δ ¯Ψ
=
∂A
∂ ¯Ψ
− ∂
∂xα
∂A
∂ ¯Ψα
. (A50)
Partial derivatives ∂A/∂ ¯Ψ = (∂A/∂W)(∂W/∂ ¯Ψ, and their particular form depends on the shape of the potential W. As
for the patial derivatives with respect to the derivatives of the field, they can be calulated explicitly for each variable,
and we present a short summary of these partial derivatives below. More specifically,
∂µ¯q
∂ ¯Ψα
= u¯α , (A51)
∂ p¯q
∂ ¯Ψα
= ρ¯qu¯
α , (A52)
∂ρ¯q
∂ ¯Ψα
= u¯α , (A53)
∂ǫ¯q
∂ ¯Ψα
= ρ¯qu¯
α , (A54)
∂
(
ρ¯qµ¯q
)
∂ ¯Ψα
= 2ρ¯qu¯α , (A55)
∂
∂ ¯Ψα
(
ρ¯q
µ¯q
)
= 0, (A56)
∂
(
p¯q − ǫ¯q
)
∂ ¯Ψα
= 0 . (A57)
Partial derivatives of four velocity
∂u¯α
∂ ¯Ψβ
= −
¯Pαβ
µ¯q
,
∂u¯α
∂ ¯Ψβ
= −
¯Pαβ
µ¯q
. (A58)
It allows us to deduce, for example,
∂ (u¯αψα)
∂ ¯Ψβ
= − 1
µ¯q
¯Pαβψβ , (A59)
∂q
∂ ¯Ψα
= − 2
µ¯q
¯Pαµlµνu¯ν . (A60)
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